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Abstract 

We describe the modules D^i^^_^ and for certain simple -ftrS„-modules 

(completely splittable and some close to) D"^, where is a field of characteristic 
i-j- '. p > and T,n is the symmetric group of degree n. This result is based on an upper 

I bound of the dimensions of the Ext^-spaces between some simple modules. 

(N 

1 Introduction 

< 

Fix a field K of characteristic p > 0. We denote by the symmetric group of degree n. 
We shall assume the natural inclusion C S„. Calculation of the modules D^l-^^_^ 

(if n > 0) and /^-^j-^^+i^ where is the simple KS^-module corresponding to a p-regular 
. partition A of n, is of great importance for the representation theory of the symmetric 
group. We have the foHowing decomposition into blocks of KT,n-i and KT,n+i (see [CR, 
(55.2)] and [KShl, §1]): 



(N 



X 



= Res„ D\ D^f"^^ = Ind" D' 



^ ' A lot of information about HeSaD^ and Ind"D'^ is contained in [K4] and [BK2]. For 

^ ■ example, the socles of these modules are known. It is also known when a module arbitrarily 

QQ ■ chosen from these is simple. On the other hand, not all composition multiplicities of 

O . nonsimple modules ReSo, and Ind° D'^ are known in the general case. 
Q . However, all the above mentioned multiplicities can be explicitly found for some non- 

"Th ! simple block components. For example, the main result of [S2] allows us to prove in the 

\ present paper Theorems 9.4 and 9.5. Together with the known Proposition 9.1, they yield 

^ \ all composition multiplicities of 



D ] where D is a completely splittable f^S^-module (see [K3, Definition 0.1]); 



-D'^^is ) where is a completely splittable i^S„-module distinct from D^^^ and 



B is the bottom A-addable node. 



Theorem 6 from [S2] prompts for what other modules one may hope to prove similar 
results. A partition A is called hig (for fixed p), if is completely splittable, A has more 
than one nonzero parts and at least one rim p-hook. In that case, we denote by A the 
partition obtained from A by moving all the nodes from the last row of the highest rim 
p-hook of A to the first row. Big modules exist only for p > 2. In the present paper, we 
prove an upper bound (Theorem 8.2) of the dimensions of Ext^^jD^, Z)^), where A does 
not strictly dominate /x, similar to the bound of [S2, Theorem 6]. There are examples 
showing that this bound is not exact. A separate paper is planed to prove the exact 
formula. However, the bound we have obtained is enough to 
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• prove the exact formula (Proposition 9.1 and Theorem 9.6) for composition multipUc- 
ities of where A is a big partition of n such that h{\) ^ Ai + h{X) ^ 
(mod p) and /i2,i(A) 7^ p — 1; 

• put forward conjectures on the composition multipUcities of some Ind" and 
ReSa (Conjectures 9.7-9.9) confirmed by calculations within the known decom- 
position matrices. 

In [BK2] , the composition multiplicities of in Ind" and ReSc are calculated 
for one node more or respectively less than A. Applying the Mullineux map m, one can 
calculate the same composition multiplicities when m(/i) is one node more or respectively 
less than m(A). However, to prove Conjectures 9.7-9.9, one must show that the required 
multiplicities equal 1 for some partitions // having neither of the two mentioned forms. We 
conjecture that this can be done by the methods of [K4]. 

The paper is organized as follows. In §2, we introduce the main objects used in the text. 
The technique of the present paper differs from that of [S2] mainly in using abaci. The 
theory of abaci is presented in [JaKe]. We prove some inequalities in §3. In particular, the 
most useful inequalities of [S2, §3] are reproved by the methods standard for homological 
algebra. In §4, an inductive method of obtaining an upper bound of the dimensions of 
Exts„ (-0^,-0^) is described. With its help, we reprove the main result of [S2] but in 
a much simpler and more visual way due to using abaci. A slight, though necessary, 
modification of this method is used to prove Theorem 8.2. For a more precise bound in 
this theorem, an auxiliary upper bound obtained in §7 is needed. To sharpen this auxiliary 
bound, we use multiplication by the sign representation and the Mullineux map connected 
with it. The corresponding calculations are given in §6. Finally in §9, we prove the above 
mentioned results on the composition multiplicities of the induced and restricted modules. 

2 Notation and definitions 

2.1 Generalities. Throughout the paper, we fix a field K of positive characteristic p. 
All rings and modules are assumed finite dimensional over K. For n ^ Tj, let n denote 
n + plj, which is an element of Zp = Z/pZ. For a pair n.m G Z, where m > 0, let 
quo(n, m) and rem(n, m) denote the integers such that n = quo(n, m)m + rem(n, m) and 
^ rem(n, m) < m. For integers r and s, the following notation will be used: 

[r, s] = {i e Z : r ^ i ^ s}, (r, s] = {i e Z : r < i ^ s}, 

[r, s) = {i e Z : r ^ i < s}, (r, s) = {i e Z : r < i < s}. 

For an arbitrary assertion p, let [p] denote 1 if this assertion holds and denote other- 
wise. For any set of integers 5, we define its characteristic function by S{n) = [n & S] for 
n^'L. We define an ordered set 11 — ZU {-|-oo}, where -|-oo > n holds for any n e Z. For 
any module M and any simple module A^, let \M : 'N\ denote the composition multiplicity 
of N in M. 

2.2 Partitions. Given a sequence a, \a\ denotes its length. If a positive integer i is such 
that i ^ \a\ in the case where \a\ < +00, then stands for the i*'* from the beginning 
element of a. 
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A partition of an integer n is an infinite nonincreasing sequence of nonnegative integers, 
whose elementwise sum equals n. To say tiiat A is a partition of n, the notation A h n is 
used. 

In practice we write only a finite initial part of a partition that is followed by zeros 
(not to be confused with finite sequences). For example, if A is a partition and we write 
A = (5, 3, 0), then Ai = 5, A2 = 3 and Aj = for i ^ 3. The height of a partition A is the 
number h{X) of its nonzero entries. A partition A that does not contain p or more identical 
entries is called p-regular. Let ^ A denote the sum of all components of A. 

For a partition A we define its Young diagram by the formula [A] = {(i, j) e Z x Z : 

I ^ i ^ h{X), 1 ^ j ^ Xi}. Elements of Z x Z are called nodes. For a node A — we 
put r{A) = i and res A = j ~ i. If the diagrams of partitions A and ^ contain the same 
number of nodes of each p-residue, then we write A ~ ^u. Removable, addable, normal, 
good, conormal and cogood nodes of a partition A are defined in [BK2]. We also use the 
notations A^ and A^, where A is a removable and B is an addable node of A, for partitions 
with diagrams [A] \ {A} and [A] U {B} respectively. Let A* denote the partition, whose 
diagram is obtained by transposing [A] . 

For a partition A and an integer i, we put (7i(A) = '^i^^i^j- A partition A is said to 
dominate fj, if o-i(A) ^ for any i ^ 1. This fact is denoted hy X > /i. The formula 

X > fi means that X > fi and X ^ fi. 

Let hij{X) denote the length of the hook of A with base {i,j). We have hi j{X) = 
Xi + Xj — i — j + 1. Rim, p-segment, p-edge, rim p-hook, p-core of a partition A are defined 
in [JaKe] and [Mu]. Let e(A) denote the number of nodes in the p-edge of a partition A 
and (fi{X) denote the partition obtained from A by removing its p-edge. 

2.3 Modules. To each partition A of n there corresponds a /TS^-module S''*', which is 
called the Specht module (see, for example, [Ja, Definition 4.3]). We put = S^/ radS''^. 
The map A defines a one-to-one correspondence between p-regular partitions of n 

and simple i^E„-modules. 

For n ^ 0, we put = {{k + , kP~^~^) , where n — k{p — 1) + d, k E Z and 
^ d < p — 1. The following proposition plays an important role in the current paper. 

Proposition 2.1. Let p > 2 and A, /i be partitions of n such that h{X) < p, /i is p-regular 
and X^ 11. Then we have 

Ext^ (5\D-)-| ^ z/A = /. = £„anc/n^p; 
^"^ ' [0 otherwise. 

Proof is virtually the same as that of Theorem 2.9 from [KShl]. One must only show that 

II — En or II — Kn (after the assumptions A^ = £„_i and 7 = are made) without using 
Lemma 1.6. 

Indeed, //c ^ 7 = -n-i = A4 and fic ^ A^, imply nc = Sn-i. This means n — Kn 
OT ji = En OT II = sf^_i, whcrc D = (p, 1). However, the last case is impossible, since 
£n-i ^n, i^n and A = or A = □ 

The following proposition is proved similarly to [KShl, Theorem 2.10] but using Propo- 
sition 2.1 instead of [KShl, Theorem 2.9]. 

Proposition 2.2. Let p > 2 and X, 11 be partitions of n such that h{X) <p, 11 is p-regular 
and X\^ n. Then Ext^^{D^, L"^) ^ Homs„(rad5^, L"^). 
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Finally let us note the following proposition, which follows directly from [JaKe] 
and [KShl, Theorem 2.10]. 

Proposition 2.3. If X r/^ ji or if p > 2, \^ ji and h{X) < p, then Exts„(£)-^, D^') = 0. 

The modules Ind" M and Res^ M, where M is a i^S^i-module, are defined, for example 
in §1 of [KShl]. 

2.4 Abaci. We shall shghtly modify the classical notion of abacus introduced in [JaKe] 
to make it more symmetrical and convenient to work both with removing and adding 
nodes. Everything what follows can be proved by the methods of [JaKe] and [FK]. 

An abacus is any map A : Z — {0, 1} for which there exists a number such that 
A(n) = 1 for n ^ — A^ and A(n) = for n ^ N. The shift of an abacus A is the limit 
shift(A) = lim x + ^„>t, A(n) over integer x. Every abacus A defines an injective map 

nodcA : Z — >■ Z X Z by 

nodeA(a) = (l + ^ A(n), ^(1 - A(n))). 

n>a n^a 

We have 

c — r — a — shift (A), where nodeA(a) — (r, c); 

(2.1) 

resnodeA(a) — a — shift (A). 

Indeed, take any integer x such that A(n) = 1 for n < x. Then c — r — X]3.<„<a(l — A(n)) — 
1 - En>aMn) =a-x- E.^„ A(n) = a - shift(A). 

An element a G Z such that A(a) = 1 is called a bead of A, and an element 6 e Z such 
that A(6) = is called a space of A. 

A bead a of an abacus A is called 

• proper if there is a space b of A, strictly less than a; 

• initial if A(a — 1) = 0; 

• normal if it is initial and X^o<fe^s(-A(^ -\-pk) — A(a — 1 -\-pk)) ^ for any s > 0; 

• good if it is the smallest normal bead of a given p-residue; 

• movable up if A (a — p) = 0. 

A space b of an abacus A is called 

• initial if A(6 — 1) = 1; 

• conormal if it is initial and ^o<fc^s(A(^ — 1 — pk) — K{b — pk)) ^ for any s > 0; 

• cogood if it is the greatest conormal space of a given p-residue. 

If an abacus contains at least one proper bead, then it is called proper. Otherwise it is 
called improper. 

The first formula of (2.1) shows what partition should be assigned to an abacus A. Let 
ai, 02, . . .be all the beads of A written in descending order. We have nodeA(ai) = {i, \i) 
for some numbers Aj. We define the partition P(A) = (Ai, A2, . . .). A is said to be an 
abacus of -P(A). Let h denote the number of proper beads in A. Clearly P(A) has height h. 
In this connection the number of proper beads of an abacus is called its height. We have 
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/ij,i(P(A)) = tti — b ioT 1 ^ i ^ h, where b is the smallest space of A, which is obviously 
equal to shift (A) — h. 

Let A be an arbitrary abacus and m e Z. For any n e Z, we put (m+A)(n) = A(n+m). 
An elementary verification shows that 

P{m + A) = P(A) and shift(m + A) = -m + shift(A). (2.2) 

Note that for every partition A there is exactly one abacus A of a given shift such that 
A = P(A). This fact and (2.2) imply that if P(A) = P(M) then shift(A)+A = shift(M)+M. 

Proposition 2.4. nodeA bijectively maps: 

(1) the set of A-initial beads to the set of P (A) -removable nodes; 

(2) the set of A-normal beads to the set of P (A) -normal nodes; 

(3) the set of A- good beads to the set of P (A) -good nodes; 

(4) the set of A-initial spaces to the set of P{A)-addable nodes; 

(5) the set of A-conormal spaces to the set of P{A)-conormal nodes; 

(6) the set of A-cogood spaces to the set of P{A)-cogood nodes. 

Let c be an initial bead or an initial space of an abacus A. Denote by Ac in the former 
case and by A*^ in the latter case the abacus, whose value at n is 1 — A{n) if n = c or 
n = c — 1 and is A(n) if n 7^ c and n ^ c — 1. The operations of removing and adding 
nodes are connected with the transformations of abaci just described by 

P(Ac) = P(A)nodeA(c) if c is an initial bead, 

P(A^) = P(A)^o<i^Aic) if 

c is an initial space. 

One of the main causes to use abaci is that they help easily watch the removal of rim 
p-hooks and p-edgcs. Let a be a movable up bead of A. Denote by hookA(a) the rim 
hook of P(A) with base (X]n>a^(^)' Xln<a-p(^ ^ ^("')))- The abacus, whose value at n is 
1 — A(n) if n = a or n = a— p and is A(n) if n 7^ a and n 7^ a — p, is said to be obtained 
from A by moving a one position up. 

Proposition 2.5. The map hookA is a bijection from the set of all movable up beads of 
A to the set of all rim p-hooks of P(A). Moreover, if A is the abacus obtained from A 
by moving the bead a one position up, then P(A) is the partition obtained from P(A) by 
removing hookA (a). 

The above terminology is explained by the following way of representing abaci. Let A 
be an arbitrary abacus. Let the position (r, c) of the table T, where r G Z and c = 0, 
. . . , p — 1, be occupied by • if A(pr + c) = and by o if A(pr + c) = 1. According to the 
definition of an abacus there are two numbers ri and r2 such that row r of T is occupied 
solely by o if r < ri and is occupied solely by • if r > r2. Let us draw only rows r of T 
with ri ^ r ^ r2 and indicate the number of any row. 

In this connection the set {n e Z : n — i (mod p)}, where O^i^p— 1, is called the 
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Example. Let A = (—00, 0] U {4, 8, 9, 11, 14, 17}. A representation of this abacus for 
p = 7 is 

o • • . o • • 

o o • o • • 

o ■ ■ o ■ • • 

where row is the highest. We have P(A) = (11, 9, 7, 6, 6, 3). 

Let us continue the functions ip and e defined in §2.2 to the set of all abaci so that 
P(93(A)) = (p{P{A)) and e(A) = e(P(A)) for any abacus A. 

Let A be an arbitrary abacus. Denote by a the greatest bead and by b the smallest 
space of this abacus. 

We put (fi{A) — A and e(A) = for any improper abacus A. In the remaining part of 
this subsection we assume that A is proper. Following [FK, Definition 1.3], we consider 
the set of beads {mi, . . . , mjy} of A (in the paper just cited it is called "set of r-movablc 
beads") that is as follows. We put nii = a. Suppose the beads mi, . . . , m^ are already 
chosen. If one of the following conditions holds: 

• mj — p is an improper bead; 

• mj — j9 is a space and there are no beads less than m^ — p, 

then we put N = i and we stop here. In the opposite case, mj_|_i is equal to the greatest 
bead c of A such that c ^ rrii — p. It can be easily seen that all the beads mi, . . . , mAf we 
have built are proper. 

We shall build the abacus </?(A) as follows. If uin — p is an improper bead, then we 
move m;v to position b. Otherwise we move rriN to position rriN —p- The remaining beads 
mjv-i, . . . , mi must be moved one position up one after another starting with mjv-i and 
ending with mi. Denoted by (^(A) the resulting abacus. Let 

e(A) = ^P(A)-^P((^(A)). 

2.5 Operation Ti.^. In the sequel for any abacus A and a positive integer i, b^(i) denotes 
the bead of A counting from the greatest one and bA(i), where i ^ /i(A), denotes the 
jth pi-Qpgi- bead of A counting from the smallest one. If A is proper then we abbreviate 

b^ = b^(l) and bA = bA(l). 

Let £ be a finite set of integers. Consider the following map 

\e\ 

A + ^(|bA(,)+peJ-{bA(,)}). (2.3) 

i=l 

As we want to obtain an abacus again, we shall say that Tie is applicable to A if and only 
if (2.3) defines an abacus. In that case we define 7ie(A) to be map (2.3). For a partition 
A, we put K(A) = P(K(A)), where A = P(A). Clearly K(A) is weU defined. 

In other words, if Ti^ is applicable to A, then 1-L^[h) is obtained from A by moving each 
bead h^{i), where 1 ^ z ^ 1^1, to position h^{i) + pSi. 

Definition 2.6. An abacus (partition) is called e-big, if it is completely splittable of height 
\e\ and He is applicable to it. 

We have the following evident assertion. 

Lemma 2.7. Let A be an e-big abacus and 1 ^ i ^ \s\ such that the runner contain- 
ing h^(i) + 1 contains no proper bead of A. Then A^ W+i is e-big and 7ie{J^ W+i) — 
K(A)b''«+i+f^'. 
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3 Inequalities 



We state the following standard fact for future reference. 

Proposition 3.1. Let A, B, C he finite dimensional K- spaces and R he a K-algehra. 

(a) If A ^ B C is an exact sequence, then dimB ^ dim A + dimC. 

(b) If A, B, C are R-modules and A is isomorphic to a submodule of B, then 
dimHomj^(C, A) ^ dimHom^(C, 5). 

(c) If A, B, C are R-modules and A is a homomorphic image of B, then 
dim Hom^(^, C) ^ dim Hom^(i^, C) . 

3. 1 Case of restricted height. We define 

1 if A = /x^ for a //-conormal node B] 



otherwise. 

1 if /X = Aa for a A-normal node A; 
otherwise. 



Lemma 3.2. Let p > 2, \ and ji he p-regular partitions of n > 0, h{X) < p, X \^ /i and A 
be a fi-good node of residue a. Then we have 

dimExt^^(D^,D'') ^ dimExt^^_^(Res«L>^,L>''^) +£(A,//a)- 

Proof. In view of Proposition 2.3, we can assume A ~ /x. Applying the functor Res^ 

to the exact sequence — > radyS"^ — > — > D"^ — > 0, we get the exact sequence — > 

Res^radS''^ — > Res^ — > Res^ — > 0. Applying Hom5.^_^(— , D^^) to the last sequence, 
we get the exact sequence 

Homs_^(Res„5\D'^-^) ^ Homs_^(Res„rad5\ D'^^) ^ Ext^_^(Res„ D\ D'^-^). (3.1) 

By Probenius reciprocity, [BK2, Theorem E(iii)] and A ~ we have 

dimHoms_,(Res« S^.D^"^) = dim HomsJ5\ Ind" =e{\,^A)- 

By Frobenius reciprocity, the fact that -D^ is isomorphic to a submodule of Ind^D''^, 
Proposition 3.1(b) and Proposition 2.2, we get 

dim Homs„_j (Res^ rad S^, D^^) = dim Hom^^ (rad S^, Ind" D^"^) ^ 

dimHomsJrad^^,L"') = dimExt^jD\ D''). 

Now it remains to apply Proposition 3.1(a) to sequence (3.1). □ 
Dually we prove 

Lemma 3.3. Let p > 2, \ and ji he p-regular partitions of n, h{X) < p, X ^ /i and A be 
a /i-cogood node of residue a. Then we have 

dimExtlSD\Dn ^ dimExt^„^^(Ind"L'^L>'^") +7(A,A^^). 

3.2 Case of arbitrary height. In the absence of the restriction h{X) < p, the estimation 
of the dimension of Ext^ (-D'^, D^) can be carried out in a different way. 



Lemma 3.4. Let X and jji be distinct p-regular partitions o/n > and A be a X-good node 
of residue a. We have 

dim Ext^^ {D^, D^") ^ dim Ext^^_^ {D^^ , Res^ D") + dim Homs„ (rad Ind" D^^ , D^") . 

Proof. Let I be the injective hull of D^'. Since Homj.^(D^, /) = 0, we have Exts„(L'^, D^') 
^ Homsjr>^, //L>^). Let M be a XE^-submodule of I such that Di^ G M and^M/D^ ^ 
soc{I/Df^). Applying the functor ReSa to the exact sequence — > — > M — > M/D^^ — > 
and then applying Homj.^_^(D^'*, — ), we get the exact sequence 

Homs_^(L'^^Res«M) ^ Homs„_,(^'^^ Res„(M/r>^)) ^ Ext^„_^(L'^^ Res« D'^). (3.2) 

By Frobenius reciprocity, the fact that is a homomorphic image of Ind" D'^^ and Propo- 
sition 3.1(c), we get 

dimHoms„_^(i:)^^,Res«(M/i:)'^)) = dimHoms„(Ind" D^^, M/i:)'^) ^ 

dimHoms„(i?^,soc(//L"^)) = dimHomsj£>^, //i:>'') = dimExt^jD^, D'^). 

Apply Hom2^(— , M) to the exact sequence 

^ radind" D^^ Ind" D^^ ^ ^ 

and get the exact sequence 

Homs„(L>^, M) Homs„(Ind" L>^^, M) Hom^^ (rad Ind" D^^, M). (3.3) 

The first term of this sequence is 0, since X 

Let us see what is the image of the last morphism of sequence (3.3). Take any (/? e 
Homj.^ (Ind° I?'^^ , M) . Since M/D^^ is semisimple, we have radlnd^D'^^ C Ker(7r o (/?), 
where vr : M — M/D^ is the natural projection. Hence Lpijadlnd" D^^^) C -D^. 

Therefore the last term of sequence (3.3) can be replaced by Hom^^^ (rad Ind" D^^, D'^). 
Hence by Frobenius reciprocity 

dim Homs^_^ {D^^ , Res^ M)= dim Hom^^ (Ind" D^^ , M) ^ dim Hom^^ (rad Ind° D^^ , £>'') . 

Now it remains to apply Proposition 3.1(a) to sequence (3.2). □ 
Dually we prove 

Lemma 3.5. Let X and /i be distinct p-regular partitions of n and A be a X-cogood node 
of residue a. We have 

dimExt^jD\D'') ^ dimExt^^^^(D^^,Ind"L"') + dimHomsJradRes„L'^^,L"'). 

Remark. It follows from [KShl, Theorem 2.10] that Lemmas 3.4 and 3.5 remain true 

for A = /i in the case p > 2 and h{X) < p. 

It turns out that the parameters dimHomj-^(radlnd" D^-*, D'*) and 
dimHom5^^(radReSc D^^, D^) arising in Lemmas 3.4 and 3.5 sometimes admit upper 
bounds. 

Lemma 3.6. Let X be a p-regular partition of n and M be a KUn-module such that 
Ext^J5^,radM) = 0, Homs„(5^, rad M) = and head(M) ^ D^. Then M is a 
KT^n-homomorphic image of S''^. 
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Proof. Applying Homj^^(5''^, — ) to the exact sequence — > radM — > M — > — > 0, we 
get the exact sequence 

= Homs„(-5^,radM) ^ Homs„(-S^, M) ^ Homs„(-5^, £>^) ^ Ext^J^^, radM) = 

Hence Yiom^^^S^ , M) = liomj.^{S^, D^) = K and there exists a nonzero homomorphism 
(p : ^ M. Since Homj.^(S''*', radM) = 0, we have Imcp ^ radM and thus Imc/? = M. 
□ 

Lemma 3.7. Let X and fi be distinct p-regular partitions ofn > such that Ext^,^(5''*', D^) 
— 0. Suppose that there exists a X-good node A and a fj,-good node B of residue a and that A 
is the unique X-normal node of residue a and Xa 7^ • Then dim Honij. Jrad Ind" D^^ , D^) 
^ e{X,iJ,B)- 

Proof. In view of Proposition 2.3, we can assume A ~ yU. We put for brevity n = 
dimHom^ (radind" D'^-^, D^). Let be a KS„-submodule of radlnd^D'^'^ such that 
(radind" D^^) /V ^ 0nL"'. We put M = (ind" D^^) /V. Applying the functor Res^ to 
the exact sequence — > rad M — > M — > — > and taking into account the equivalence 
ReSa = D^^, which follows from the uniqueness of A as a A-normal node of residue a, 
we get the exact sequence 

^ Res„ rad M ^ Res„ M ^ D^^ ^ 0. (3.4) 

By Probenius reciprocity, we get 

^ Hom^JInd" D^^, M) ^ Iiom^^_^{D^^ , Res« M). 

Let X be any nonzero element of the last space. We have 

socRes„radM ^ socRes^ {^nD'') ^ soc (0nRes„i:'^) = 0nsocReSa£'^ = ©nD^^. 

It follows from this formula and from Xa ^ jJ-s that Imx fl Res^ rad M = 0. Therefore x 
splits the epimorphism tt of sequence (3.4) and 

Resa M = D^^® Resa rad M. (3.5) 

Since is a homomorphic image of ReSa D^, the module uD^^ is a homomorphic 
image of ReSaradM, which by (3.5) is a homomorphic image of Res^M. 

In view of head(M) = and radM = 0nD^, Lemma 3.6 is applicable to M. 
Therefore M is a homomorphic image of S^. Hence Res„M is a homomorphic image of 
ReSa -S""^. As a result we get that nD^^ is a homomorphic image of Res^ 5''^. 

By Proposition 3.1(c), Probenius reciprocity, [BK2, Theorem E(iii)] and A ~ we get 

n = dimHoms„_^(0nL"'«,L'^«) ^ dimHoms„_^(ReSa 5^, L"^«) 
= dim Homs„ (-S^, Ind'* £>'*^ ) = £(A, //b) ■ 

□ 

Dually we prove 
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Lemma 3.8. Let A and ji he distinct p -regular partitions ofn such that Ext^^^ {S^, D^) = 0. 
Suppose that there exists a X-cogood node A and n-cogood node B of residue a and that A is 
the unique X-conormal node of residue a and ^ /i^ . Then dim Honij. (rad Res^ , D^) 

3.3 Filtrations and self- duality. For the remainder of the section, we use the notation 
of [BK2, § 2]. 

Lemma 3.9. Fix X e X'^{n) and a residue a e Zp. Let si < ■ ■ ■ < Sk denote the set of 
all j such that j is conormal for X and res{j, Xj -\- 1) — a. Take 7 e X'^{n) such that 

k 

[Tr"L„(A) : L^] > 2 5^[A„(A + : L^]- 

i=2 

Then 7 = A + e^-^ . 

Proof. We put N = Tr"L„(A). By [BK2, Theorem C], there exists a filtration = 
Nq C Ni C ■ ■ ■ C Nk — N such that for 1 ^ j ^ /c the module Ni/Ni_i is a nonzero 
homomorphic image of A„(A + £5.). 

Suppose that 7 7^ A + e^i- Then we have [A^i : Ln{'y)] — [radA^i : L„(7)]. Since 
N is contravariantly self-dual, there exists a submodule M (Z N contravariantly dual to 
N/ radiVi. Assumption Ni C M (actually even rSkdNi C M) leads to a contradiction as 
follows: 

[N : L,(7)] = [iV/radiVi : L^] + MiVi : L^] < 2[M : L^] 

k 

= 2[iV/radiVi : L^'j)] = 2[N/Ni : L^] ^ 2^[A,(A + £,J : L^]. 

i=2 

Now the second isomorphism theorem yields 7^ A^i + M/M = Ni/Ni fl M, whence 
[A^i + M/M : Ln{X + e,J] = 1. Recall that [N : L„(A + = 1 as follows from [BK2, 
Theorem B(iv)] and [radA^i : L„(A + £5 J] ^ [rad A„(A + s^J : L„(A + s^J] = 0. Now a 
contradiction follows from 

[M : L„(A + £,J] = [TV : L„(A + £,J] - [radTVi : L„(A + £,J] = 1, 

[TV, + M/M : L„(A + ej] ^ [N : L„(A + J] - [M : L„(A + ej] = 0. 

□ 

Lemma 3.10. Fix a p-regular partition A h r and a residue a e Zp. Let Bi, . . . ,3^ be 
all the X-conormal nodes of residue a counted from bottom to top. Suppose that for some 
p-regular 7 h r + 1 there holds 

k 

[Ind"D^ : D^] >2J2[S^''^ ■ ^1- 

i=2 

Then-f = X^K 

Proof. Choose any n>r. Then [BKl, Theorem 4.16] yields [Ind" : D^'] = [Tr" L„(A*) : 
L„(7*)] and [G, Lemma (6.6b)] yields [S^""' : D^] = [AnHX^^Y) : i^n(7*)], where A*, 7*, 
(A-^')* are considered as elements of X'^{n). Now the desired result follows from Lemma 3.9. 
□ 

Remark. We conjecture that the result for Res^ dual to Lemma 3.10 also holds 
and follows (applying [BK2, Theorems C, B'(iv)]) form the lemma for Tr^ reciprocal to 
Lemma 3.9, [BK2, Lemma 7.4] for a suitable choice of n and [Kl, Theorem 2.11(v)]. 
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4 Completely splittable partitions 

4-1 General construction. Choose a set X, whose every element has the form (A, /i), where 
A and /i are p-rcgular partitions such that h{X) < p, A A ~ // and there exists at most 
one A-normal node of each residue. 

Define the map U : X ^ Z' inductively as follows. We put f/(0, 0) = 0. Now let (A,/x) 
be a pair of nonempty partitions of X. For each /x-good node A, let m^(A,/i) equal the 
following number: 

• £(A, /ia) if there is no A-good node of residue res A; 

• U{\b, /jLa) + £(A, Ha) if there is a A-good node B of residue res A and (A^, /ia) £ X. 

• +00 if there is a A-good node B of residue res A and (Ab,/^^) ^ X, 
Define U{X,ii) — min{mA(A, //) : ^4 is a /x-good node}. 

Liemma 4.1. Let p > 2 and (A,/x) G X. Then dimExt]^^{D^ , D^') ^ U{X,fi), where 
X, IJ,\- n. 

Proof is by induction on n applying Lemma 3.2. □ 

4-2 Case of completely splittable partitions. 

Definition [K3, 0.1]. An irreducible KT^n-module is called completely splittable 
if and only if the restriction i^^is^ ^''^V Young subgroup E'* C E„ is semisimple. 

For a partition A, we put x(A) = if A = and x(A) = Ai — X^x) + h{X) otherwise. 
The following result yields the exact criterion for a module to be completely sphttable. 

Theorem [K3, 2.1]. The module is completely splittable if and only if xW ^ P- 

A partition A and any abacus A of this partition in the case where is completely 
splittable arc also called completely splittable. 

The first formula of (2.1) shows that for any proper abacus we have 



It follows from this formula that any proper abacus A is completely splittable if and only 
if bA > b^ - p. 

Definition 4.2. A {— 1,0"-, 1) -big abacus (partition), where n ^ 0, is simply called big. 



It is easy to see that an abacus A is big if and only if it is proper, b^ > bA > b^ — p and 
b^ is movable up. 

Let 7 be a partition and C be a 7-removable node. Then we have 



Lemma 4.3. 

(a) If X is a completely splittable partition, fi is any partition, A is a ji-removahle node, 
B is a X-good node, Yes A — resB and X^ /i, then Xb ^ A*a- 



x(P(A)) = b^-bA + l. 



(4.1) 



For any big abacus (partition) of height h, we put A = H(_i^o''-2,i)(-'^)- 




(4.2) 
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(b) If u is a partition not containing distinct removable nodes of the same residue, fi is 
an arbitrary partition, A is a ^-removable node, B is a u-good node, res A = lesB 
and u <\ n, then i^b^ t^'A- 

Proof. We put for brevity x = r{A) and y = r{B). 

(a) Suppose > fiA- Since B is A-normal, we have \i — \y + y < p. It follows 
from (4.2) that cTi(A) ^ Ci(A*) for i < a; and i ^ y. If crj(A) ^ o"i(A*) also holds for each i 
such that X ^i < y, then we have A > /x, contrary to the hypothesis. Therefore we assume 
that there exists j such that x ^ j < y, (Tj{X) < crj{ii) and crj(A) ^ Cj(A*) for all i < j. 
Since (Ab)i ^ (a*a)i, we have Xi /ii — 1 ^ /i^ — x. Hence 

p> Xi-Xy + y^ il^x-x) -{Xy-y)^ {Hj - j) - {Xy - y). 

Now prove that the right hand side of the last inequality is greater than 0. Suppose this is 
false. The inequalities fTj(AB) ^ (Jj(/xa), Cj(A) < (Tj{ix) and (4.2) imply (Tj{X) — (Tj{^) — 1 
or in a different form Xj + crj_i(A) — — (Tj_i(/i) + 1 = 0. Hence 

(a,_i(A) - (7,_i(a^)) + (A, - a, + l) + {y - j)^ 0. 

This formula is a contradiction, as the expression in its first pair of brackets is nonnegative 
and the expressions in the other two are positive. Therefore, we have p > {fix — x) — {Xy — 
y) > and res A ^ res B. 

(b) Suppose vb ^ iiA- It follows from (4.2) that Oiiy) ^ (Ti(/i) for i < x and i ^ y. 
If (Ji(i/) ^ c'j(/i) also holds for each i such that x ^ i < y, then we have ly > /i, contrary 
to the condition u < /i. Therefore we assume that there exists j such that x ^ j < y, 
(Tj{i') < (Jjifi) and cTi(z/) ^ crj(/i) for all i < j. Since z/ < /i, we have (J.j(z/) = (Ji{fJ,) for all 
i < J and thus z/j = /Xj for all ^ i < j. Similarly to part (a), we get <Jj{i') = (Tj^ji) — 1, 
whence Vj = iij — 1. 

li X < j then A and B are distinct i/-removable nodes of the same residue, which is a 
contradiction. Therefore x — j and A is i^-addable. By the definition of a normal node 
there exists a i/-removable node of residue resS strictly between B and A. This is again 
a contradiction. □ 

Let us apply the construction described in §4.1 to the following set 

X — {(A, //) : A is completely splittable, // is p-regular, A ^ ^, A ~ //}, 

which we fix until the end of this section. Note that X = if p = 2, as in that case the 
following conditions cannot hold simultaneously: A is completely splittable, A ^ /x, A ~ /x. 

Lemma 4.4. Let (A,//) e X. Then U{X,ii) — except the case — X, in which we have 
U{X,X)^1. 

Proof. Induction on n = ^ A. For n = 0, by definition we have U (A, /x) = 0. 

Now let n > 0. Suppose that the theorem is true for partitions of numbers less than n. 
Choose some abaci M and A of the same shift such that fj, — P{M) and A = -P(A). Let A 
be an arbitrary /x-good node. It exists because /i is nonempty and p-regular. Denote by a 

the bead of M corresponding to A. 

First consider the case ^(A, fiA) = 1- Then A = (M^)'^ for some conormal space c of M^. 
Since A ~ /Li and X ^ ii, a and c are in the same runner and moreover a is below c. We 
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have M = {Ac)"". This at once imphes c = bA, a = h\ + p, + 1 = + p (i.e. x(A) = p) 
and M = A (i.e. = A). Note that in this case the only bead of A from the same runner 
as a is c, which is not normaL Therefore, there is no A-good node of residue res A and 
U (A, fj,) ^ niAiX, jj) = £(A, //a) = 1- 

Now consider the case e(A,/iA) = If there is no A-good node of residue res A, then 
U{\,fi) = mA{\-, ^Ji) = 0. Therefore we assume that there is a A-good node B of residue 
res A. Applying Lemma 4.3(a), we get A^ ^ jJ'A, whence (Xej^^a) £ AT. Thus U{\ii) ^ 
mA{\lj) = U{Xb,IJ'a)- Therefore we shah consider the case U{Xb,IJ'a) > 0. 

Let b be the bead of A corresponding to B. By the inductive hypothesis, we get 
A'A = As, Ma = Aft and U{Xb,IJ'a) ^ 1- Hence s ^ b^*- — p, where s is the smallest space 
of Aft. Therefore 6 7^ s, as otherwise we would get b^ — bA = b^*" — s p, contrary to the 
fact that A is completely splittablc. 

Recall that a and b are cogood spaces of and A^ respectively, since a and b are good 
beads of M and A respectively. We have b = h^''{i) -|- 1 < bAj, + p for 1 ^ i ^ h{A), since 
bAi, -I- p is not a cogood space of Aft. Now Lemma 2.7 can be applied to Aft. This yields 
A = M^+^'^S where e = (-1, 0'^^^)-^, 1). Since a and b are in the same runner and the 
only cogood space of Ma, which is equal to Aft, being in the same runner as b is the space 
b + 1 + pEi, then a = b + 1 + pSi and M = A. □ 

4-3 Exact formula. The next lemma shows that Definition 4.2 of a big partition and 
the map A 1— > A given in the current paper is equivalent to [S2, Definition 4]. 

Lemma 4.5. A partition X is big if and only if X is completely splittable of height more 
than one and ^1,1 (A) ^ p. In that case [A] is obtained from [A] by moving all the nodes of 
the rim p-hook with base (1, Ai -|- h{X) — p) from the last row to the first row. 

Proof. The first part follows from /ii,i(A) = b^ — c, where A is a proper abacus and c is 
its smallest space. 

Now let A be a big partition. We put for brevity h — h{X) and j — Xi + h — p. Since 
1 ^ J ^ Ai, the node (1, j) belongs to [A]. We have A*- ^ h. The inequality A*- < h would 
imply Xh < j and x(A) > p. Hence A* = h and hij{X) = Xi — j + A* = p. 

Since b^ — p < bA and b^ < bA + p, for each bead of A such that bA < < b^, the 
numbers of beads preceding d in A and A coincide and the numbers of beads following d 
in A and A also coincide. The beads — p and bA + p are respectively the smallest and 
the greatest beads of A. There are h^— p — c — Xi — 1 + h— p spaces in A preceding the 
former bead and h\ + p — c — {h — 1) = Xh — h + p + 1 spaces preceding the latter bead (c 
is the smallest space of A). Thus A = (X^ — h + p+l,X2, Xh-i, Xi + h — p — 1) . This is 
exactly the partition, whose diagram is obtained from [A] by moving all the nodes of the 
rim p-hook with base (l,i) from the last row to the first row. □ 

Theorem 4.6. ( [S2, Theorem 6] ) Letp > 2 andX^ji be p-regular partitions ofn such 
that is completely splittable and X^ /i. Then 

Ext^ (D\D'^)^i f «//^ = A; 

^ 1^ otherwise. 

Proof. The equality Ext^^(D'^, D^^) = in the case where A is not big or fj, ^ X follows 
from Lemma 4.4 and Proposition 2.3. 
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Now suppose fi = X. Lemma 4.5 implies that the length of the hook hij{X), where 
j = Ai + h{X) — p and 1 ^ i ^ A* = h{X) is divisible by p if and only if i = 1. Since 
h{X) > 1, the Carter conjecture proved in [JaM] implies that the module is not simple. 
By Lemma 4.4, a unique top composition factor of a nonzero module radS^ is D^. This 
fact and the second assertion of Lemma 4.4 yield dimExt^^(I?^, D'^) — 1. □ 

4-4 Almost completely splittable partitions. 

Definition 4.7. An abacus (partition) M is called almost completely splittable ifM — A 
for some completely splittable A, which is called the preimage ofM. 

It is important to notice that the preimage A is uniquely determined by M. Indeed, let 
a = b^. If M is a completely splittable abacus, then denote by b its greatest improper 
bead. If M is not a completely splittable abacus, then put b = hu- Then A is obtained 
from M by moving a up and moving b down one position. 

A module D^, where A is an almost completely splittable partition, is also called almost 
completely splittable. 

It is convenient to define many abaci encountered in this paper with the help of the 
following construction. Take x G Z and S C [0,p— 1]. Let xq, Xi, ...be all the 
elements of the set {n G Z : n ^ x,Tem{n,p) G S} written in the ascending order. For 
i ^ 0, we put {x, S, i) = {xk : i ^ k < i + \S\}. Note that if i > then the set {x, S,i — 1) 
is obtained from {x, S, i) by replacing the greatest element a of the latter set with a — p 
(moving a one position up) . 

Example. Let p = 7 and S = {1,3,4,6}. We have (9,-5,5) = {18,20,22,24} and 
{9,S, 6) = {20,22,24,25}. 

Definition 4.8. Let h, i, x be integers such that < i ^ h < p and x 0. Define 
A^*'^'^) = (-00,0) U(0, [0,i),x)U[i,h) and A^'^'^'^) = p(^j^{h,i,x)y 

Clearly, the partition A*^'^'*'^-' has p- weight x and therefore is a partition of px. Moreover, 
if a; > the height of A^'^'*'^-* is h, core{X^^''^'^^) = 0, the top removable node of A*^'*'*'^^ is 
its only normal node and this node has residue —h. Obviously the equalities A^'*'*'"^ = 
and A^'*'*'^^ = xih,^'^) (following from A^'*'*'^) = tvC^'^-^)) for x < i represent all nontrivial 
equalities between partitions A^'*'*'^\ We put for brevity A^^'^^ = \{h,h,x)_ Explicitly A^'*'*'^) 
is written as 

A^''-''^) = (-00, 0) U [{q + l)p, {q + l)p + r) U [qp + r, gp + i) U [i, h), 

where q = quo(a;, i) and r = rem(a;, i). 

Remcirk. In [H], the partitions A*^^'^^ are called minimal. 

Proposition 4.9. If X is a completely splittable partition, then x(core(A)) <p. 

Proof follows from (4.1) and the fact that core(A) is completely sphttable. □ 

Lemma 4.10. Let X be a completely splittable partition, x(A) = p and the residue of 
any core{X) -normal node is equal to the residue of the bottom X-removable node. Then 
X = A^^'^), where I < H <p and H \x. 
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Proof. Suppose that corc(A) is not empty. Proposition 4.9 implies that x(core(A)) < p 
and core(A) contains only one removable node. Hence core(A) = P((— oo, 0) U [b, a]) , where 
< 6 ^ a < p. Therefore A = P((-oo, 0) U [{q + l)p + b,{q+ l)p + r) U [qp + r,qp + a]) 
for q and r such that q ^ and b ^ r ^ a. 

The case r = 6 is impossible, as we would get the contradiction x(A) = x(core(A)) < 
p. The case r > 6 is also impossible. Indeed, in this case the smallest initial bead of 
{—oo, 0) U [{q + l)p + 6, (g + l)p + r) U [qp + r,qp + a], which is equal to qp + r, and the 
normal bead b of (— oo, 0) U [b, a] would belong to different runners. This is a contradiction. 

Now the desired assertion follows from core(A) — and x(A) — p. □ 

Proposition 4.11. Let \ be a nonempty partition and A be its abacus. Then A — (l'*W) — 
P(A'), where A' is obtained from A by replacing its smallest space by the bead. 

CoroUciry 4.12. Let A and /i be partitions such that h{X) — h{ii) and core(A) = core(/x). 
Then core(A - (I'^W)) = core(// - (I'^W)). 

Lemma 4.13. Let x(A) = p, core(A) = core(/i) = 0, h{ii) ^ h{X) < p and the residue of 
any /i-normal node is equal to the residue of the bottom X-removable node. Then h{ii) < 
MA). 

Proof. Suppose /i(^) = h{\). We put h = h{X) and n = ^ A. 

Case n > p. We have A = P(A('*'^)). We put a = res(/i, A/J, A = A — and 
/2 = /i — (1^). In the case under consideration x > 1. Therefore A/j > 1 and x(A) = p. By 
Corollary 5.3, for any core (/i) -normal node, there is a /i-normal node of the same residue. 
However all /i-normal nodes have residue a — 1, which is equal to the residue of the bottom 
A-removable node {h,\h — 1). Since core(/2) = core(A) by Corollary 4.12, the residue of 
any core(A)-normal node is equal to the residue of the bottom A-removable node. By 
Lemma 4.10, we get core (A) = 0, which is a contradiction, since A is a partition of the 
number n — h not divisible by p. 

Case n — p is reduced to the previous one by considering the pair of partitions 
A = A + (p'^) and /i = // + (p^). □ 

5 Removal of locally highest p-hooks 

Definition 5.1. Let u be a movable up bead of A. The rim p-hook corresponding to it is 
called locally highest if u + 1 is not a movable up bead. 

Lemma 5.2. Let X be a partition and X be the partition obtained from X by removing its 
locally highest rim p-hook R. Then for any a & Zp the number ofX-normal nodes of residue 
a does not exceed the number of X-normal nodes of the same residue. 

Proof. Let A and A be some abaci of A and A respectively having shifts of p -residue 1 — a. 
Consider the decomposition hook^^(P) = pi + j, where ^ j < p. 

By Proposition 2.4 and the second formula of (2.1), the theorem will be proved if we 
define an embedding l of the set of normal beads of the first runner of A into the set of 
normal beads of the first runner of A. If j > 1 then we can take the identity map for u. 
Thus we assume ^ j ^ 1. 

First consider the case j = 0. Let a = pa; -|- 1 be a normal bead of A. 
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li X > i then a is obviously a normal bead of A. In that case we put L{a) = a. 

U X = i then a — p is a bead of A, as otherwise it would be possible to move the bead 
a one position up in A, which contradicts the fact that the rim p-hook we have removed is 
locally highest. Take any s > i — 1. We have 

J2 iHpk + 1) - Hpk)) = ^^^p^ + 1) ~ ^(^^'^)) = Yl ^^^p'^ + ^) ~ ^^p^y^ ^ 0- 

i— Kfc^s i<k^s i<k^s 

Now it is clear that a — p is a normal bead of A. We put i(a) — a — p. 

The case x — i — 1 is impossible, as otherwise the bead a would not be initial in A. 
Finally let x < i — 1. For any s > x, we have X]a;<fe^s 

A{pk) ^ E 

therefore 

J2 iHpk + 1) - Hpk)) ^ Yl ^^^P^ + ^) ~ ^^^^^ ^ 0- 

x<ki^s x<ki^s 

Thus a is a normal bead of A. We put t(a) = a. 

Now consider the case j — 1- Define the parameter xq as follows. Let px + 1 and py + 1 
be normal beads of A such that y < x < i — 1. We have 

Y (Hpk + 1) - A{pk)) ^ 

(5.1) 

Y iHpk + 1) - Hpk)) + 1 + ^^^P^ + ^) ~ ^(^^^)) ^ 1- 

y<k^x—l x<k^i—l 

Therefore there is at most one number xq < i — \ such that pxQ + 1 is a normal bead of A 
and 

Y iHpk + l)-Aipk))^0. (5.2) 

xo<k^i—l 

If there is no such number at all, then we put Xq = +oo. Under this definition, we get 
Basic property of xq. Let pa; + 1 be a normal bead of A such that x < i — 1. Then 

X ^xo and Ea;<ik<i-i(^b^ + 1) " Hpk)) > ifx^xo- 

Indeed in the case xq < +oo this fact follows from (5.1). In the case xq — +oo the sum 
under consideration is not equal to zero by the definition of Xq and thus is strictly positive. 

If X > i then similarly to the previous case we get that a is a normal bead of A. We 
put t(a) ~ a. 

The case x = i is impossible, as A (pi + 1) = and A (pa; + 1) = 1. 
If a; = i — 1 then A{pi) = A{pi) = 0, because A(pi + 1) = and a = p{i — 1) + 1 is a 
normal bead of A. Take any s > i. We have 

Y (Hpk + 1) - A{pk)) = Y (Mpk + 1) - A{pk)) > 0. 

Now it is clear that pi + 1 is a normal bead of A. We put t(a) = pi + 1. 
If a; = Xq then by property (5.2) we have 



^ ^ {A{pk + 1) - Aipk)) = -A(pi) 

xo<k^i 

= Y iMpk + 1) - Hpk)) = 



xo<k^i—l 



Y (Hpk + 1) - Hpk)) + 1 - Hp{i - 1)) ^ 1 - A(p(i - 1)). 

xo<k^i—2 
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Therefore A{pi) = and A{p{i — 1)) = 1. 
Take any s > i. We have 



iMpk + 1) - Mpk)) = (^(p^ + 1) - ^(p^)) ^ 0- 

For the last rearrangement, we used property (5.2) and the equahties A{pi) — A(pi+1) — 0. 
Therefore pi + 1 is a normal bead of A. We put i(a) — pi + 1. 

Finally let x < i — 1 and x ^ Xq. Clearly, for an arbitrary s > x not equal to i — 1 we 
have 

J2 iHpk + 1) - Hpk)) = Y ^^^P^ + ^) ~ ^(^'^)) ^ 0- 

On the other hand by the basic property of Xq we have 

J2 {Hpk + 1) - A{pk)) = Y (Hpk + l)- Hpk)) -1^0. 

x<k^i—l x<k^i—l 

Therefore a is a normal bead of A. We put i(a) = a. 

The preimage of a bead b belonging to the image of i, is given by the following formulas: 

Case j > 1: r^{b) = b; 

Case i - 0- r'(b) -I ^ if M - 1) + 1; 

Case J -U. L iib=p{t-l) + l, 

( b iiby^pi + 1; 

Casej = l: = < p{i - 1) + 1 if 6 = pi + 1 and A(p(i - 1)) = 0; 

pxo + 1 if 6 = pi + 1 and A(p(i — 1)) — 1. □ 

CoroUciry 5.3. Let X be a partition. For any a e Zp, the number of cor e{\) -normal nodes 
of residue a does not exceed the number of X-normal nodes of the same residue. 

Proof follows from the fact that core(A) can be obtained by removing the highest rim 
p-hook at each step. □ 



6 Mullineux map of some partitions 



To calculate the Mullineux map of a partition A, we shall use the MuUineux symbol defined 
in [BeO], which is the array 

^Rq ■ ■ ■ Rz 

where Aj = e{(p^{X)), Rj — h{(p'{X)) and </?^+^(A) = 0. The product of such arrays is 
understood as follows: 



G,{X) 



Ao---AA fA',...A'A ^ fAo---AzA',..-A'^, 
Rq - ■ • RzJ \R'o ■ • • Rz'J \Ro ■ • • RzR'o • ■ ■ Rz' 

Lemma 6.1. Let l<H<p, x>0 and H \ x. We put Q = quo(x, H) and R — 
rem(x, H). If R> 1 then 
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G, (a(^.-)) 
and if R = 1 then 



h) [ H )[h-i) [h-R + 1 



2p 
H 



Q 



p 

H-1 



X-2Q 



Proof. Let ,S = [0, - 1] \ {i? - 1}, A = A(-f^'^) and A = A(^'^). It is easy to check that 



(^^(A) = (-oo,o)u(o,{i?-i},g-j)u(o,5,x-g-j) for i^j^Q. 

Hence h{(p^{X)) = H and e((/?^(A)) = 2p for 0^j<Q. 
Case R>1. Then h{ip^{\)) = //. We have 



^y+J(A) = (-oo,0]U(l,5,a;-2Q-l-j) for 1 ^ j ^ a; - 2g - 1. 

Hence e{ip^{\)) = p + R - 1, h{ip^+^{\'^^'''^)) = H - 1, e(v9^+-'(A(^'^))) = p for 1 ^ 
j < X - 2Q - 1 and /^.(^^-^-^(A^^'^))) = H-R+1. Finally (^^-Q(A(^'^)) = and 
e((^^-Q-i(A(^'"))) = p-i? + 1. 

Case R^l. Then /i(<^^(A)) = - 1. We have 



(^«+i(A) = (-00, 0] U (1, S,x-2Q- j) for ^ j ^ x - 2g. 

Hence /i((/?^+^(A)) = - 1 for 1 ^ j < x - 2g, ^p'^-^iX) = and e((/?'2+^(A)) = p for 
^ j < X - 2g. □ 

Definition 6.2. Let H and x be integers such that l<H<p, x>0 and H \ x. Define 

N(-^'^) = {-oo,H)u{H,Si,Q)Li{p + H -R,S2,x-Q), 

whereQ^ quo{x,H), R = rem(a;, ii"), Si = [0,p-l]\{ii"-i?} antics = {H-R}U[H,p-l]. 

To gain a better understanding of the structure of N(^'^\ we introduce the following 
notation: let a^^'^\ a^^'^\ ... be all the elements of the set {n e Z : n ^ if, rem(n,p) e -Si} 
and 6o^'^\ h^^'^\ ... be all the elements of the set {n e Z : n ^ p + H — R, rem(n,p) e 5'2} 
written in ascending order. An easy verification shows that 



R-i+y 
p-i 



y 



p-H+l 



{R-1) 



p-H+l 



(6.1) 



Lemma 6.3. Let H and x be integers such that l<H<p, x>0 and H \ x. 
Then m(A(-f^'^))= i/^^'^l 

Proof. Let Q, R, Si, S2 be as in Definition 6.2 and N = N^-^'^) 1/ = By the main 

result of [FK] and Lemma 6.1, it suffices to prove that if > 1 then 



2p 
2p-H 



+ r-h)\p-h + i) \p-H + 1 



(6.2) 
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and that ii R = 1 then 



Q 



2p Y / p 
2p-Hj \p-H + l 



X-2Q 



(6.3) 



Let us see first how the sets {H, Si,y) and {p + H — R, 82, x — 2Q + y) are situated 
with respect to one another. Denote by Uy the greatest element of the former set and by 
Vy the smallest element of the latter set. We have Uy — a^+pl2 '^y — ^i-^Q+y 

For y ^ 0, it follows from (6.1) that 



dH,x) 
^x-2Q+y-l 



Vy-i — Uy — 6r'oA , , — a 



{H,x) 
''y+p-2 



x-2Q + {H-R) 
X-2Q-1 + 



x-2Q+y-l 
p-H+1 



x-2Q+y+p-H 
P-H+1 



+ iR-l) 



R+y+p-3 
p-1 



x-2Q+y-2 
P-H+1 



+ {R-1) 



R+y+p-3 
p-1 



x-2Q+y-2 
P-H+1 



(6.4) 



Since x — 2Q ^ R, the first and the last summands of the last sum are nonnegative for 
any y ^ 0. Moreover p — H+l^p — 1. li Q > then we have x — 2Q + y+ p — H — 
(H - 2)Q + R + y+p-H>p + y + R- 3 and therefore 



x-2Q+y+p-H 
P-H+1 



For Q = y = 0, we get 



x+p—H 
P-H+1 



> 1 > 



R+y+p-3 
p-1 



R+p-3 



(6.5) 



p-1 



Thus we have proved that Vy^i ^ Uy for ^ y ^ Q. Recall that if y ^ then being 
moved one position up the greatest bead of (p + H — R, S2,x — 2Q + y) takes position Vy^i . 
Now one can clearly see that 

(^^■(N) = {-oo,H)U{H,S,,Q-j)U{p + H -R,S2,x-Q-j) for O^j^Q. 

Hence h{if^{v)) ^ 2p - H and e{(p>{u)) = 2p for ^ j < Q. Moreover h{(p^{u)) = 
p + R-H. 

li R>1 then x - 2g ^ 2 and 

(^«+^'(N) = (-00, p + H -l)U{p + H,S2,x-2Q-l-j) for 1 ^ j ^ x - 2Q - 1. 

Hence e((^^(z/)) =p+R-l, e(v9^+^») = p for 1 ^ j < ,x-2Q-l, h{^^+^{u)) = p-H + 1 
ior 1 ^ j ^ x - 2Q - 1, eiif^'-^-^u)) = p - R + 1 and (p^'-^iu) = 0. 
If = 1 then 

ipQ+^{N) = (-00, p + H -l)U{p + H -l,S2,x-2Q-j) for Q^j^x-2Q. 

Hence e{cp^+^{iy)) = p and h{ip^+^{u)) ^ p - H + 1 lor ^ j < x - 2Q and cp^-Q{iy) = 0. 
□ 



Lemma 6.4. Let h, i, x be integers such that < i ^ h < p and x ^ i. If i ^ h/2 and 
X ^ h then 



Ao---Ah-i-i\ fp 

Ro' ' ' Rh-i-l 



x-2{h-i) 



Ao-2i--- Ah-i-i - 2i 
Ro — i ■ ■ ■ Rh-i-i — i 
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if i < h/2 and x ^ 2i then 



r r aC^'^'-)^ ^ Mo • • • M ^"'^ Mo - 2(/i - i) • • • - 2(h - i) 

"^^^^ ' \Ro--- Ri-J \ij \R^- (h-i) ■■■ it:,_i - (h-i) 

if X < 2i, h then 

G (X^f^'i'-))^ (^^° ■ ■ ■ ( P f "7^0 -2{t + h-x)--- -2it + h-x) 

^ \Ro---Rx-i-J\i + h-xJ \Ro- (i + h-x) ■■■R^_i_i- (i + h-x) 

where Aj— p + h — 1 — 2j and Rj — h — j, 

Proof. Let ,5 = [0, i - 1], A = A^'^'^'^) and A = A^'^'^'^). 

Case i ^ h/2 and x ^ h. For ^ j < h — i, we have x — j — 1 x — h + i ^ i and 
therefore the first element of the set (0, S,x — j — 1) is not less than p. Hence 



ip\A) = {-oo,j)U{Q,S,x-j)U[t,h-j) for ^ j ^ h - i. 

Therefore h{ip^{X)) ^ Rj ior ^ j ^ h - i and e((^(A)) = Aj ior ^ j < h - i. Next we 
have 



^-'+^{A.)^{-oo,h-i)U{h-i,S,x-2{h-i)-j) for ^ j ^ x - 2{h - i). 



Hence e(<^^-^+^(A)) = p for ^ j < x - 2(/i - i), /i((^'^-^+^(A)) = i ior 1 ^ j < x - 2{h - i) 
and /i((^^-('^-^)(A)) = /i - i. Finally 



^-{h-i)+j(^X) ^ {-oo, i + j)U\p,p + h-i- j) for ^ j ^ /i 



Hence e(<^^-(^-*)+^(A)) = - 2« for ^ j < /i - « and /i(<^^-(''-^)+^(A)) = Rj - i for 

1 ^ i ^ /i - 

Case i < h/2 and x ^ 2i. For ^ j < i, we have x — j — 1 ^ i and therefore the first 
element of the set (0, S,x — j — 1) is not less than p. Hence we get 



ip'{A) = (-00, j) U (0, S,x- j) U[t,h- j) for ^ i ^ i 
Therefore h{(p^{X)) = Rj and e{ip^{X)) = Aj for ^ j < i. Next 



(p'+\A) = {-oo, h-i) U {p,S,x -2i- j) for ^ j ^ x - 2i. 
Hence e((^*+-'(A)) = p and /i((^*+-^(A)) = i for ^ j < a; — 2i. Finally 



(^^-«+j(yV) = (-oo,/i - i + j) U + i - j) for O^j^i 

Hence e((^^-*+^(A)) = - 2(/i - i) for ^ j < i and /t((^^-*+^(A)) = i^j - {h - i) for 
^ J ^ 

Case X < 2i, h. For ^ j < x — i, we have x — j — 1 i and therefore the first element 
of the set (0, S,x — j — 1) is not less than p. Hence 



(p\A) = {-oo,j)U{Q,S,x-j)U[i,h-j) for O^j^x-i 
Therefore h{ip^{X)) ^ Rj ior ^ j ^ x - i and e((^(A)) = Aj for ^ j < x - i. Next 



ip^-i+^(A) = {-oo,x-i)U{x-i,S,2i-x-j)U[h,h-x + i) for ^ j ^ 2i - x. 
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Hence e{ip^ ^~^^{^)) = p ior Q ^ j < 2i — x and h{ip^ = i + h — x ior 1 ^ j < 2i — x. 

Finally 



(fi'^~^^ (A) = (—00, h — x + i + j)[J\p,p + x — i — j) for ^ j ^ x 



I. 



Hence e{ip'+^{\)) = Aj - 2{i + h - x) for ^ j < x - i and h{ip'+^{\)) = Rj-{i + h-x) 
for ^ j ^ X — i. □ 

Definition 6.5. Let h, i, x be integers such that < i ^ h < p and x ^ i. Define 



y[{h,i,x) ^ (-oo,p) U\p + h-m,p + h) U (p, S,x), 

where m = max{i, i + h — x} and S = [0, h — m) U [h, p — 1]. 

Let c^'^'^\ c{'^'^\ ...be all the elements of the set {n e Z : n ^ p, rem(n,p) e 5"} 
written in ascending order. An easy verification shows that 



y+m—h 
p—m 



(6.6) 



Lemma 6.6. Let h, i, x be integers such that < i ^ h < p and x i. Then m{X^^''''^^) — 

Proof. Let m and S be as in Definition 6.5, Aj and Rj as in Lemma 6.4 and M = M*^'^'*'^\ 
H — jjiO^^i-^^)^ Sj = p — j. 

Case i ^ h/2 and x ^ h. Then m — i. We have 

2p> Aq> ■■■> Ah-i-i > p> Ao-2i> ■■■ > Ah-i-i - 2i > 0. 

Therefore by the main result of [FK] and Lemma 6.4, it suffices to prove that 

'Ao--- An-i-i\ f p \ fAo-2i--- - 2i 

5*0 ■■ ■ Sh~i-i )\p-i) \So - i ■■■ Sh-i-i - i 



Note that x — 2{h — i) ^ 0. Therefore for 0^j<h — iwe have x — j — l^h — i and 
thus the first element of the set {p, S,x — j — 1) is not less than p + h. Hence we have 



(fP{M)^{-oo, p + j)U\p + h-i,p + h-j)U{p,S,x-j) for ^ j ^ h - i. 
Therefore e{ip\ii)) = Aj and h{ip\ii)) = Sj for ^ j < /i — i. Next 



ipf'-i+j (M)^ (-00, p + i)U{p + h,S,x-2(h-i)-j) for ^ j ^ x - 2(h - i). 
Hence e(v?^"*^-'(/i)) = p and h{ip^^'^^\iJi)) = p — i for ^ j < a; — 2{h — i). We have 



(/?^-('*-^)+^(M) = (-oo,p + i + j)U[p + /i,2p + /i-i-j) for Q^j^h-i. 
Hence e((/?^-(''-*)+^(/x)) = Aj - 2i and h{ip'^-^^-'^+^ (n)) = Sj - i for ^ j < h - i and 

Case i < h/2 and x ^ 2i. We have 

2p> Ao> ■■■> Ai_i > p> Ao-2{h-i) > ■■■ > Ai_i - 2{h - i) > 0. 
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Therefore by the main result of [FK] and Lemma 6.4, it suffices to prove that 



V \So - i ■•■ Si-i - (h-i) 



For ^ j < i, we have x — j — 1 ^ h — m. Therefore the first element of the set 
(p, S,x — j — 1) is not less than p + h. Hence we get 



ip^{M) = {—oo,p + j) U [p + h — 7n,p + h — j) U {p, S, X — j) for ^ j ^ i. 
Therefore e{ip^{ii)) — Aj and h{(p^{ii)) — Sj for ^ j < i. For ^ j ^ x — 2i, we have 



[—oo,p + i) U \p + X — i — j,p + h — i) U \p + h,2p + X — i — j) if x < h; 



—oo,p + i) U {p + i, S, X — 2i — j) ii X ^ h. 

Hence e{(p^~^^ {/j,)) — p and h{(p^~^^ {/jl)) — p — i ior ^ j < x — 2i. Finally 



ip''-'+^{M)^{-oo,p + h-i + j)Li\p + h,2p + i-l-j] for ^ j ^ i. 

Hence e{ip''-'+^ {fi)) = Aj-2{h-i), /i(<^^-'+^(/x)) = Sj-{h-i) for ^ j < i and (p%n) = 
Case X < 2i, h. Then m = i + h — x. We have 

2p> Ao> ■■• > ^x-i-i > p > Aq - 2{i + h - x) > ■ ■ ■ > A^-i-i - 2{i + h- x) > 0. 
Therefore by the main result of [FK] and Lemma 6.4, it suffices to prove that 



Aq--- Y p 7Aq - 2{i + h - x) ■ ■ ■ A^_i_i - 2{i + h - x] 



Sq - ■ ■ Sx-i-i J\p — {i + h — x)J \Sq — {i + h — x) ■ ■ ■ S^-i-i — {i + h — x) J 



For ^ j < a; — i, we have x— j — l^i>x — i and therefore the first element of the set 
(p, S,x — j — 1) is not less than p + h. Hence we get 



(p\M) — (— oo,p + j)U\p + x — i,p + h — j)U(j),S,x — j) for ^ j ^ x — i. 
Therefore e{ip^{fj,)) = Aj and h{(p\n)) = Sj for ^ j < x — i. Next 



ip^-^+i[M) ^{-oo,p + i + h-x)U{p + h,S,2i-x-j) for 0^j^2i-x. 
Hence e(</7^~*+-'(//)) = p and h{ip^~'^^^ {ix)) — p — {i + h — x) for ^ j < 2i — x. Finally 



(^*+-? (M) = (-oo,p + i + h - x + j) U Ip + h,2p + x - i - 1 - j] for ^ j ^ x - i. 

Hence e{ip'+^{fi)) ^Aj-2{i + h-x) and h{ip'+^ {/j,)) ^ Sj - {i + h - x) for ^ j < x - i 
and (^^(/i) = 0. □ 
It is interesting to look at the partitions i'{2,x), when p > 2 and x is an odd number 
greater than 2. By Lemmas 6.3 and 6.6, we get m(A(^'^))= z/(^'^) and m(A'-^'^-') = n^'^''^'^^ = 
A(p-2,a;)_ YVe have = 2p - 2 and /^(A^p-^'^)) = p - 2. Hence z/^^'^) ^ A^^-^'^) and 

^j^{2,x)y ^ ^^(p-2,a;)^t Siuce simple Epa.-modules are self-dual, by Theorem 4.6 (or [KSh2, 
Theorem 3.5(iv)]), [KN, Theorem 4.4(b)] and Propositions [J, n.2.14(4)], [D, 2.1^, we have 

K - Ext^^^(D^'^,D^<-^)- Ext^(^,,,)(L((.(2-))*),L((A(---))*)) 
= Hom5(^,^,) (rad A((z.(2'-))*), L((A(P-2.-))*)) , 
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where N ^ px and S{N,px) denotes the Schur algebra. Definition 6.2 and (6.1) show 
that i/(2,a;+2(p-i)) _ jy{2,x) _|_ ^p2p-2y Applying Corollary 5(4), Theorem 4(a) and Lemma 4 
from [SI], we obtain a negative solution of Problem 2 from [SI] for the following values of 
the parameters: A := :— pi, n :— 2p — 2, Vi :— r ad 5''^+ 

In the remaining part of this section, we fix integers H, x, i such that l<H<p, H\x 
and < i ^ x,h, where h = H — rem{x,H). Let also Q = quo{x, H), R = Tem{x,H), 
m = max{i, i+h—x}, Si = [0,p— l]\{/i}, 5*2 = {h}U[H,p—l] and S = [0, h—m)U[h,p—l]. 



Lemma 6.7. 



(a) ^ andy,z> 0, then c^f^ ^ fel^'"^ • 



(b) z/af'^'^) 



^ z and y > 0, then a^ylY^ ^ z — 1; 



(c) if Oy'*'*'^'' > z, and y^m — l,0^m^p, then a^yl^^ ^ z — j for ^ j < m. 
Proof follows from the mutual situation of the sets S, Si, 5*2 . 
Theorem 6.8. The following conditions are equivalent: 

(1) m(A(^'^))< m(A('''*'^)); 



□ 



(2) m 



p—h+x—l 
p—m 



^ H -Q -1 + h 



x-Q-l 
p-H+1 



+ {R-1) 



x-Q-2 
P-H+1 



Proof. Since shift (N(-f^'^)) = shift (M(^'*'^)) = 2p (we added one more row in the definition 
of M^'^'*'^) just to ensure this equality), the first formula of (2.1) and Lemmas 6.3 and 6.6 
show that condition (1) of the current theorem is equivalent to u < v, where 



u 



,AH,x) ,(H,x) (H,x) 

y^x-Q+p-H^ ■ ■ ■ 1 ^x-Q ' "Q+p-2' 



V — (C. 



Q+p- 

[h.i.x) 
x+p—m—l 



,a^^'^),i/-l...,0), 

m,p- 1,...,0). 



, . . . , ci^'*''^^^ + h - I, . . . ,p + h 



It is easy to see that condition (2) of the current theorem is equivalent to ui ^ vi. 
Therefore (1) implies (2). 

Now suppose that condition (2) is satisfied. Note that m ^ h < H and thus p — m ^ 
p — H + 1. By the equivalence of the previous paragraph and Lemma 6.7(a), we get Uj ^ Vj 
for 1 ^ j ^ p - + 1. 

Now letp — H + l<j^p — m. By (6.1) and (6.6), we have 



Vj - Uj 



-.{H,x) 



^x+p-m-j ^Q+2p-H-j 



X — Q + m 



x+p—j—h 




' 2p-\+Q-3-h\ 


p—m 




p-1 J 



X-Q-l 



m 



x+p-j-h 




p+Q 


-j-h 




p—m 




p 


-1 




1 and {x +p 


-3 


-h) 


-{p + Q 


m 


x+p- 






P+Q-j-h 


p- 


m 


p-1 



and Vj ^ Uj. 



Case 1: m = or m > 0, Vp-m+i ^ ^^p-m+i- By Lemma 6.7(b), we get Vj ^ Uj for 
p—m < j ^ p. Thus we have proved Vj ^ Uj for 1 ^ j ^ p. We have Vj ^ Uj for p < j ^ 2p, 
since Vj is an improper bead of M*^'*'*'^-' for such j. Hence aj{v)—aj{u) ^ cr2p{v) — a2p{u) = 
for any p ^ j ^ 2p. Therefore m < v. 
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Case 2: m > and fp-m+i < Up^„i+i- By Lemma 6.7(c), we get v.j ^ u.j for p — m < 
j ^ p. We have vj ^ Uj for p < j ^ 2p, since t^j is an improper bead of M*^'''*'^') for such j. 
Hence crj{v) — (Tj{u) ^ CF2p{v) — (J2p{u) ~ for any p — m ^ j ^ 2p. Therefore u < v. □ 

Remcirk. The only fact we will need is that (1) implies (2). The reverse implication 
has been proved only to show the impossibility of improving the bounds by replacing a 
simpler condition (2) with a more complicated condition (1). 



7 Auxiliary upper bound 

7.1 Systems. Introduce the following staircase abaci and partitions. Let k ^ and 
< r2 < ■ ■ ■ < Tk < p, ii > ■ ■ ■ > ik-i ^ be some integers. We put 

St(r2,...,rfc;ii,...,ife_i) = 

(-00, 0) U [pii,pii + rs) U [pi2 + r2,pi2 + rg) U ■ ■ ■ \pik-i + rk-i,pik-i + r^), 
st(r2, . . . , Tfc; ii, . . . , ik-i) = -P(St(r2, . . . , r^; . . . , ik-i))- 



For ^ = 1, we assume St(0; 0) = (-oo, 0) and st(0; 0) = 0. 

We have already met special cases of staircase abaci in § 6. Indeed, let h, i, x be 
integers such that Q < i h < p and x ^ 0. We put q — quo(x, i) and r = rem(x, i). Then 

a(M,^) ^ / St(«,/i;g,0) ifr = 0; , . 

\ St(r,i,/i;g+ l,g,0) if r > 0. ^ ' 

Lemma 7.1. Every solution of the system 

h{\) <p, 

core(A) = 0, (7.2) 
res A = resS for any X-normal nodes A and B. 

has the form st(r2, . . . , r^; ii, . . . , ik-i)- 

Proof. Clearly, these partitions satisfy the system. Prove the converse fact by induction 
on the number n of nodes in [A]. This is obviously true for n = 0. Now let n > and 
A be a solution of system (7.2). Since A 7^ = core(A), there is at least one rim p-hook 
of A. Denote by A the partition obtained from A by removing the highest of these hooks. 
By Lemma 5.2, the partition A also satisfies system (7.2). By the inductive hypothesis, 
A = st(r2, . . . ,rk;ii, . . ■,ik-i)- 
Take the abacus A such that 

A = P(A) and shift(A) = shift(St(r2, . . . , r^; ii, . . . , ik-i))- 

We see that there is a movable down bead a of St(r2, . . . , r^; ii, . . . , ik-i) such that A is 
obtained from St(r2, . . . , r^; ii, . . . , ik-i) by moving a one position down. 

Case k = 1. Since h{\) < p, we have —p < a < and A — st(l, —a; 1, 0) for a < —1 
and A = st(l; 1) for a = —1. 

Case k > 1. We can assume ii > 0, as otherwise A = and we are under the conditions 
of the previous case. Since h{X) < p, we have rk — p < a. Ifa<— lora^— 1 and 
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ik > 1, then A contains the following two normal beads in different runners: pii and a + p. 
Therefore, the third equation of system (7.2) is violated for A and this case is impossible. 
If a = — 1 and ik — 1, then A = st(r2 + 1, . . . , + 1; ii, . . . , ik-i) {k = 2, 3). 

Now suppose that a ^ 0. Since the third equation of system (7.2) holds for A, a can 
take only the following values: pit + rt, where t = 1, . . . , k — 1 and we assume r-i = 0. 
Otherwise pii and a + p would be normal beads of A from different runners. Now directly 
from the definition of staircase abacus one can see that A has the desired form. □ 

Let us calculate e(st(r2, . . . , r^; ii, . . . , ik-i))- It is zero for k = 1. Therefore consider 
the case A; > 1. Define the sequence 1 — ai < • • • < ai ^ A; — 1 by the following rule: 
Cj+i — ttj + liiaj + l^k — 1 and iaj+i < iaj ~ 1; %+i = % + 2 if ■ + 2 ^ A; — 1 and 
iai+i — — 1- From the definition of § 2.4, we get 



e(st(r2,...,rfc;ii,...,ifc_i)) = 




if > 0; 



1) + Tfe - 1 if ia, = 0. 



Therefore if e(A) < 2p and A is a staircase partition, then A has one of the following forms: 
0, st(r2, ra; ii, 0), st(r2, rs, r4, ; ii, ii — 1, 0). This fact and (7.1) yield 

Lemma 7.2. Every solution of the system 

h{\) <p, 
core(A) = 0, 

res A = resB for any X-normal nodes A and B, 
h{\) + h{m{\)) < 2p. 

has the form A^'*'*'^^, where < i ^ h < p and x ^ 0. 

The last inequalities can be strengthen hj i ^ x. 
7.2 Bound. We state the following known result. 

Proposition 7.3. Let n> 2 and V be a KT,n-i -module. Then 

(a) Vf" ® sgn„ = {V® sgn^_,)f\- 

(b) (Ind" V) ® sgn„ ^ lnd-''{V ® sgn„_i). 

Proof, (a) The isomorphism is given by {ai (S> v) <S> u ^ ai <S> {v <^ u), where ui, . . . , an 
are representatives of the left cosets of S„ over having the same sign, v &V and u is 
a basis of the sign representation of 

(b) follows from (a) and the arguments from the proof of [K2, Theorem 4.7] applied to 
the induction operator instead of the restriction operator. □ 

Definition 7.4. Let Tr{H, x, i) be satisfied if and only if 

(1) H,x,i eZ, 2 < H < p, H \ X, Q < i ^ x,h and x > 2; 

(2) m ^H-Q-1 + h [ffi^l +{R-l) 



x-Q-2 
p-H+1 



where Q = quo(a;, H), R = rem(a;, H), h = H — R and m = max{i, i + h — x}. 
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Definition 7.5. LetH,x,i be integers for which 7r{H,x,i) is satisfied. Denote by e{H,x,i) 
the sequence such that —R + A*^'^'*'^^ = 'H£(H,x,i){-^^^'^^), where R = Tem{x,H) and h — 
H -R. 

Clearly the required sequence e{H,x,i) exists and is given by 

e{H, X, t) = {{-Q - 1)^, {-Q)'-\ {q - Qr\ (g + 1 - QY) , 
where Q — quo(a;, H), R — rem(a;, H), h — H — R, q — quo(x, i), r — rem(x, i). 

Definition 7.6. A pair (z/, fj,) is called minimal if 

• u is an almost completely splittable partition; 

• fj, is a p-regular partition; 

• V \^ ^ and V ~ 

• for any /i-good node A there exists a u-good node B such that res B — res A and vb 
is not an almost completely splittable partition. 

It follows directly from the definition that if S is a i/-normal node, v is an almost 
completely splittable partition and vb is not, then x(A) = p and B — where A 

is the preimage of v. Therefore if {i/, jj) is a minimal pair, then all //-normal nodes have 
residue vi — 1 — \i. 

Lemma 7.7. Let (z^, /x) be a minimal pair of partitions of n. We put x = n/p and H ~ 
h{X), where A is the preimage off. Suppose that (z^, /x) is different from {{p"^ , p'^ — p) , (2p^ — 

p)) and from {\(«^\ X^"-^'^^) and that Ext^^(D^D^) ^ 0. Then v = A(^ and // = 
^{H-Tera{x,H),i,x) ^ where 77 {H , X , i) is satisfied. 

Proof. Let a be the residue of all /i-normal nodes and A be a z/-good node of residue a. 
We have n ^ p > 2. Since h{i') < p, by Proposition 2.2, we have 

Homsjrad^^ D^) ^ Ext^JL>^ D^") ^ 0. 

Hence u < /i and in particular ^ /i(z/). Let u = \, where A is a big partition. Since 
ua is not almost completely splittable, we get x(A) = p and A is in the first row. 

We have h{u) ^ h{X). Suppose h{u) < h{X). Then u is completely splittable. By the 
hypothesis of the current theorem and Theorem 4.6, we get that u is a. big partition and 
ji — v. The rightmost node A' of the first row of [/i] is removable and therefore is normal. 
However res A' is equal to the residue of the rightmost node of the last row of [v] , which is 
distinct from res A, as v is completely splittable and hiv) > 1. The resulting contradiction 
gives h{i') = h{X). 

By Corollary 5.3, the residue of any core (/x) -normal node, and by A ~ // also of any 
core(A)-normal node, is res74, which in turn equals the residue of the bottom A-removable 
node. By Lemma 4.10, we have A — X^^'''^K l<H<p, x>0 and H \ x. The case a; = 1 is 
impossible, as we would have a contradiction h{v) < h{X). Thus x > 1. By Lemma 4.13, 
we get < h{X) = H. We put Q = quo(a;, H), R = rem(a;, H) and h = H — R. 

If i? > 1 we put b = {Q + l)p and if i? = 1 we put b = Qp. Since a; > 1, we 

get that b is the only normal and thus good bead of A(^'^) belonging to runner zero . 
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Denote by B the node of u corresponding to b. By the second formula of (2.1), we have 
resB = — shift(y\(^''^)) = —H. By Lemma 3.4, we have 

dim Ext^_^ (D"'' , Res_H D^") + dim Hom^^^ (rad Ind-^ , Di") . 

Since a = R—H ^ —H, the hypothesis of the current theorem yields Res_/^ = 0. Hence 
Homs^_j(radInd"^i:'''s,i:'^) ^ and in particular [Ind"-^ D''^ : D^] > 0. Multiplying 
the modules from the last inequality by sgn„, we get by Proposition 7.3(b) that 

[Ind^ : > 0. (7.4) 

It follows from the proof of [K2, Theorem 4.7] that m^UB) = '^('^)b(™), where S^"*^ is the 
m(t/)-good node of residue H. By Lemma 6.3, we get m(z/) 

= P{^^H,x)y Yoi brevity until 
the end of the current proof we shall use the notation N = N'^-^'^\ Oj = ai^''^\ hi = b\^'^^ 
(see Definition 6.2 and (6.1)). We shall prove that m(z/) < m{ii). 

Case 1: i? > 1. We have aQ+p_i < h^-q. Indeed if Q > 0, then taking into account (6.5) 
the substitution y — Q-\-l into (6.4) yields h^-q — ag+p-i ^x — 2(5 — l^i? — 1>0. On 
the other hand, if Q = then OQ+p-i — H + p < bx — bx-q, since x > 1. 

Denote by 6'^™-' the element of {p + H ~ R, S2. x — Q) from runner H. Clearly, b^'^^ is a 
normal bead of N. The only initial bead of N distinct from 6*^™) and belonging to runner 
H is aq in the case where Q > Q and p — 1 \ Q. However this bead is not normal, as in 
this case aq + p - I = aq+p_2 and aq + p = ag+p.i < bx-q, whence N{aq + p - 1) = 1 
and N{aq +p) = 0. Therefore b^"^^ is a good bead of N, the node 5^"*^ corresponds to this 
bead, and P(Nj(m)) = m{i')Q(m) — m{vB)- 

All the initial spaces of Nj(m) from runner H are: 6*^"*^; if Q > 0; aQ+p_i if p — 1 | Q. 
If in the last case Q > 0, then the space aQ+p_i is not conormal. We put c = H ii Q > Q 
and c = H + piiQ = {\. We have c ^ ciq+p-i < bx-q ^ 6*-"*^ Therefore all the conormal 
spaces of N^(m) from runner H are 6'-™'-' and c. 

Case 1.1: m{fx) 7^ P(N^(„)). Denote by C the addable node of m{uB) corresponding to 
the space c of N^c^). If we suppose [S'^^''^ : = 0, then by (7.4), Lemma 3.10 apphed 

to the following parameters: 

r:=n-l, A := 771(^/5), a -.= 5, k:=2, Bi := C , B2 := B^"'\ 7 := m(/i) 

yields a contradiction m(/x) = m{uB)^ = -P(N^(^))- Thus [^^'^^^ : D'^^'^)] > 0, m{v) < m(/x) 
and m{v) < m(yu). 

Case 1.2: m(/x) = P(N^(^)). If one of the conditions i? = 2 or Q = is violated, then 
N^(^) contains the following normal beads not belonging to runner H — R: 6^"*) — 1 if i? > 2; 
the bead of {H, Si, Q) from runner if — 1 if P = 2 and Q > 0. Therefore the partition 
m{fi) = P(N^(^)) contains normal nodes of residue different from H — R — —a, which is a 
contradiction. 

We have x = 2, h{u) = H > 2, u = }S^) and 

N^(„) = {-^,H-2 + p)U[H+p,2p)U{H-2 + 2p,H-l + 2p}. 

Hence m(^) = {H'^,2p-") = \ip-H+2,2,2) _ gy Lemma 6.6, we get 11 = A^^-^-^), which 
contradicts the hypothesis of the theorem. 
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Case 2: R = 1. Since a; > 1, we have Q > 0. In the proof of Lemma 6.3, it was shown 
that aQ+p_2 ^ bx-Q-i < bx-g- Denote by the element of {H,Si,Q) fr om runner H. 
Since Q > 0, this bead is normal in N. Clearly, there is no other normal bead of N in 
runner H. Therefore 6^"*^ is a good bead of N, the node B^'^^ corresponds to this bead, 
and P(N^{m)) = m{i')^(m) = m{i'B). 

All the initial spaces of Nf,(m) from runner H are: b^'^^; H; b^-Q+p-n+i ii p — H + 
1 \ X — Q — 1. In the last case the space b^-Q+p-H+i is not conormal in N{,(m), since 
b^"^^ ^ a(5+p_2 < bx-Q- We put c = H. Since Q > 0, we have c < b^"^\ Therefore all the 
conormal spaces of Nj(m) from runner H are 6^"*^ and c. Denote by C the addable node of 
m{vB) corresponding to the space c of N^c^). 

Case 2.1: rn(/i) ^ P(NJJ(„,)) is similar to case 1.1. 

Case 2.2: m(/i) = P(N^(„)). We have h{m{i^)) = 2p-H + land h{n) ^ H - 1. Hence 
e(N^(„)) ^ h{ij,) + h{m{fi)) ^ 2p. Clearly, this can happen only if b^"^^ = aQ+p_2 — H + p 
(arguments similar to the ones used in the proof of Lemma 6.3). In this case 

N^(^) = {-oo,H-l)ij[H,H + p)\j{p + H-l,S2,x-Q) (7.6) 

and m{^) — P(N^(^)) is ap-singular partition, which is a contradiction. 

Thus we have considered all possible cases and proved that m^u) < m{^). We have 
h{iji) < h{v) < p and /i(m(/x)) ^ h{m{v)). By (6.2) and (6.3), we have 

h{n) + h{m{n)) < h{iy) + h{m{v)) = e{v) + [p f e(i/)] ^ 2p. 

Therefore ji satisfies system (7.3) and Lemma 7.2 yields ji — X(^'''^'^\ where < i ^ h',x and 
h' < p. Since the only normal bead of A*^'*''*'^) has residue —h', the hypothesis of the current 
theorem yields —h' = a = R — H . Since < H — R < p, we have —p < H — R — h' < p. 
But H — R — h' is divisible by p, whence h' = H — R = h. 

From m(z/) < m(/i) and Theorem 6.8, it follows that part (2) of the condition n{H, x, i) 
is satisfied. We claim that part (1) of the condition 7T{H,x,i) is satisfied. It suffices to 
prove that H,x > 2. 

Indeed, if if = 2 then /i = 1, a; is an odd number greater than 2 and u — (^p, ^p), 
// = (px). By [KSh2, Lemma 3.5(iv)], we get x — 2p — l and {u, /j.) — {{p^,p'^—p), {2p^—p)). 
This is a contradiction. 

If a; = 2 then part (2) of the condition Tr{H,x,i) is not satisfied, contrary to what was 
proved. □ 

Lemma 7.8. 

(a) Ext^ , (l)(p^p'-p),2;(2p^-p)) ^ X; 

(b) Ext^^^(L'^'^,L'^*''"'''') ^ K, where 2 < H < p. 

Proof, (a) follows from [KSh2, Lemma 3.5(iv)]. 

(b) It follows from (7.5) and Lemma 6.3 that m(A(^))= A(p^^.2) Hence by Theo- 
rem 4.6, we get 

K = Extl,jD'''""^'''\D"'i'^')) = Ext^^^(D^'^,D™(^^''-™^)). (7.7) 

By Lemma 6.6, we have m{\^P-^+^'^^) = m(A(P~^+2,2,2)) ^ (g^^ ^^^^ ^ 2 of the 

proof of the previous lemma). Substituting this value into (7.7), we get the desired equiv- 
alence. □ 
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8 Upper bound 

8.1 General construction. To make the approach of § 4.1 apphcable to almost completely 
splittable partitions, we shall modify it as follows. 

Let X be a set satisfying the same conditions as in § 4.1 and we somehow know a map 
C:X^Z' such that 

dimExts„(D'', D^) ^ ({u, ji) for any pair [v, //) e X of partitions of n. (8.1) 

Define the map U : X ^ U hj induction as follows. We put ^7(0,0) = 0. Now let 
(z/, ji) be a pair of nonempty partitions of X. For any /x-good node >1, let mA(z/, /x) equal: 

• e{v, /ia) if there is no z/-good node of residue res A; 

• U{vb, Ha) + A*a) if there is a i/-good node B of residue res A and {vb-i /J'a) £ X; 

• +00 if there is a z/-good node B of residue res /I and {ub, fJ^A) ^ 
We put U {u, /i) — min({C(z/, /x)} U {mA(j^, //) : A is a //-good node}) . 

Lemma 8.1. Let (z/, /x) e X. T/ien dimExt^^(D'^, D^) ^ U{iy,n), where u^iihn. 

Proof is by induction on n applying Lemma 3.2. □ 
8.2 Case of almost completely splittable partitions. 
Let us keep the following notation until the end of this section: 

X — {{v, /i) : v is almost completely splittable, /i is p-regular, i/ ^ fj, , u /i} . 

Define ( as follows. Let (z/, h) e X he a, pair of partitions of n. We put x — n/p and 
H — h{X), where A is the preimage of u. We define C(^)A*) — +oo except the following 
cases: 

(1) /i ^ I/. We put C{iy,H) = 0. 

(2) H \> u and {u, fi) is minimal. 

(2.1) (i/,//) = iip^p^-p), (2p2 -p)). We put C(i^,//) = 1. 

(2.2) (i/,//) = (A(-f^'2), A(^-2'2)), where H > 2. We put C(i^,Af) = 1- 

(2.3) Cases (2.2) and (2.3) do not hold and there is no i such that u — A(^'^), fi — 
\i.H-rera{x,H),i,x) ^(^jj^ ^) jg Satisfied. We put C(i^, A*) = 0. 

It follows from Proposition 2.2 and Lemmas 7.7, 7.8 that property (8.1) holds for C, we 
have just defined. 

Theorem 8.2. Let u, fi he p-regular partitions of n such that v is almost completely split- 
table and u ^ fi. Then Ext^^(£''^, D^) = except the case when ji = where A is 
the preimage of u, H = h{\) and one of the following conditions holds: 

(1) H^2ands^{l,-l),{-p,p); 

(2) and e = (0, -1, 1), (-1, 1, 0), (-1, -1, 2); 

(3) H >3 and e = (0, -1, 0^-^ 1), (-1, 0^-^ 1, 0), (-1, -1, 0^-\ 1, 1); 
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(4) e — s{H, X, i) for x and i such that t:{H, x, i) is satisfied. 
In cases (l)-(3) the bound Ext],^{D'' , Di") ^ 1 holds. 

Proof. In view of Proposition 2.3, it suffices to assume u fi. Therefore we must prove 
that /x) = for any pair (z^, /x) G X except cases (l)-(4) and that /x) ^ 1 in 
cases (l)-(3). Apply induction on n. If n = then by definition we have U{i', fx) — 0. 

Now let n > and suppose that theorem is true for partitions of numbers less than n. 
Choose some abaci M and A of the same shift such that /j, — P(M) and A = -P(A). 

Case 1: u. Then Uiy^jj) = Ci^yf^) = 0- 

Case 2: n > u and the pair (z^, /i) is not minimal. Let A be a /i-good node such that 
either there is no i/-good node of residue res A or such a node B exists and ub is almost 
completely splittable. Denote by a the bead of M corresponding to A. 

First consider the case e{u, ji^) — 1. Then A = (M^)'^ for some conormal space c of M^. 
Since u ^ fi and z/ < ^, wc get that a and c belong to the same runner and moreover a is 
below c. We have M = (Ac)". 

If if = 2 then we get c = — p, a = + p and b^ = bA + 1. Hence M = 
{bA-p,b^+p} = 7i(i,_i)(A). 

li H >3 then either c = b^ - p, a = b^, b^ = b^(2) + 1 or c = bA(2), a = b^(2) + p, 
bA(2) = bA + 1. In the first case M = 'W(o,-i,o«^-3,i)(A) and in the second case M = 
7Y(_i,o»-3,i,o)(A). Note that in all cases the only bead of A, belonging to the same runner 
as a is c, which is not normal. Therefore there is no i/-good node of residue res A and 
U{u,fj,) ^ mA{v,fj) = e{v,fiA) = 1- 

Now consider the case £(z/, yU^) = 0. If there is no z/-good node of residue res A, then 
U{i',fi) = niA^i^-ilJ^) = 0. Therefore we assume that there is a u-good node B of residue 
res A. By the choice of A, the partition vb is almost completely splittable. Applying 
Lemma 4.3(b), we get vb ^ i^a, whence (i'bjIJ'a) £ X. Hence C/(i/, //) ^ 771^(1/,//) = 
U^ub.I-Ia)- Therefore in the sequel we will consider the case Uiysil^A) > 0. 

Let b be the bead of A corresponding to B. If x(^) = P then b is different from the 
greatest bead of A (i.e., r{B) > 1), since otherwise the greatest bead of Af, equal to 6 — 1 is 
not movable up, which contradicts the fact that ub is almost completely splittable. Hence 
i^B = Au, where D is a A-good node (see the definition of He or [S2, Lemma 8]). 

We put H — h{XD). By the inductive hypothesis, we get ha — Ti-ei^D): where e is 
the sequence described in cases (l)-(4) of the current theorem, where H is replaced by H. 
Since = 0, we have Ma = Tie{Aci), where is a bead of A corresponding to D. 

Recall that a and d are cogood spaces of Ma and Ad respectively, since a and d are 
cogood beads of M and A respectively. Since e 7^ (0^), we have ej < for some 1 ^ j ^ H. 
Hence e ^ h^'^{j) — p, where e is the smallest space of A^^. Therefore d ^ e, as otherwise 
we would get b^ = b^'', bA = e, b^ — bA ^ b^'*(j) — e ^ p, which contradicts the fact that 
A is completely sphttable. Hence H — H. 

We have d — b^'*(A;) + l < bA^+p, as bA^+p is not a conormal space of A^. Obviously the 
only cogood space of M^, which equals l-Le{Ad) from the same runner as d is h^'^{k)-\-p£};-\-l. 
Hence a = h^''{k) + pSk + 1, M = l-Le{A) and U{u,ji) ^ 1 in cases (l)-(3). 

Case 3: yU. > and (i/, 11) is minimal. The desired assertion follows from the definitions 
of U and C- □ 

The general form of the sequences e{H,x,i) is quite complicated. However we have the 
following assertion. 
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Lemma 8.3. Let H he an integer such that ^ H < p. Then n(H,x,i) is satisfied 
if and only if x = QH + 1, Q E Z, Q 1 and i = H — 1. In this case 6{H,x,i) ~ 
(-Q - 1, q"-^-\ [q + ly), where q = quo(Q + 1,H-1) and r = rem(Q + 1,H-1). 

Proof. Assume ^{HjXji) is satisfied. We shall use the notation of Definition 7.4. We put 



S ^ H -Q -1 + h 



x-Q-l 
p-H+1 



+ {R-1) 



x-Q-2 
P-H+1 



Suppose R> 2. Since m ^ h, we have 



5>h 



x-Q-l 
P-H+1 



x-1 
p-H+2 



x-Q-2 
P-H+1 



1 



— m 



[f] 



p—h+x—l 
p—m 



R-2. 



To obtain a contradiction with condition (2) of Definition 7.4, it suffices to prove that both 
differences in the outer braclcets are nonnegative. This follows from the inequalities 

x-Q-l _ x-l _ x-l-Q{p-H+2) _ Q{2H-{p+2))+R-l 



p-H+1 p-H+2 (j,-H+l){p-H+2) {p-H+l){p-H+2) 

x-Q-2 I 1 _ X. _ (2H-(p+2))t+H{p-1-H)+R 
p-H+1 ' ^ H H{p-H + 1) 



>0, 



Now suppose R = 2. Then Q ^ 1. We have 



x-Q-l 
p-H+1 



x-l 



+ 



x-Q-2 
P-H+1 



+ R-1. 



_p-H+2 

Nonnegativity of the difference in the first pair of the brackets is shown just as above. We 
have 

x-Q-2 _ ^ ^ {2H-{p+3))x+H{Q-2)+A 

p-H+1 H H{p-H+1) 

The last expression and thus the difference in the second pair of the brackets is nonnegative 
if Q ^ 2. If Q = 1 then x = H + 2 and we have 



x-Q-2 
P-H+1 



[f] = 



H-1 
P-H+1 



H-l 
P-H+1 



1 > 0. 



We have a contradiction with condition (2) of Definition 7.4. 

Thus we have proved that R = 1. Hence x — QH + 1, Q 1 and m — i. Suppose 
i^H -1. Then i ^ H - 2. We have 

^/U_Q-i1_r ]\,(\ x-2 

\ P-H+1 p-H+2 p-H+2 iHi r^^- 



5^H-Q-l+h ^A-{H-2) 



p—H+x 
P-H+2 



The difference in the first pair of the outer brackets of the right hand side is nonnegative, 
as 

x-Q-l x-2 _ x-2-{Q-l)(j,-H+2) _ {Q-l){2H-(p+2))+H-l ^ g 



p-H+1 P-H+2 



We have 



x-2 



x_ 

P-H+2 H ~ Hip-H+2) ~ Hip-H+2) 

The last expression and thus the difference in the second pair of the brackets is nonnegative 
if Q ^ 2. li Q — 1 then x — H + 1 and we have 



{p-H+l){p-H+2) 
{2H-(p+2))x-2H 



{p-H+l){p-H+2) 
{2H-(p+3))x+H{Q-2)+l 



x-2 
P-H+2 



-[#] 



H-l 
p-H+2 



H-l 
P-H+2 



We have a contradiction with condition (2) of Definition 7.4. 

Finally for x — QH + 1 and i — H — 1, where Q is any positive integer, we have 



S = h 



' x-1-Q' 




x-l 




P-H+1 




P-H+1 


) 



g <o. 



whence it follows that tt{H, x, i) is satisfied. Now it is clear that e{H, x, i) is given exactly 
by the suggested formula. 

□ 
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9 Applications to branching rules 

9.1 Preliminary facts. In the following proposition, which follows directly from [BK2, 
Theorems E, E'], ReSaO is understood as 0. 

Proposition 9.1. Let X be a p-regular partition and a e Zp. 

• If there is no X-normal {X-conormat) node of residue a, then ReSa — (Ind" = 
0). 

• // there is exactly one X-normal (X-conormat) node A of residue a, then Res^ = 

Lemma 9.2. Let M be a module such that headM = socM and iVi, . . . , A^^^ be mutually 
nonisomorphic simple modules such that [M : Nj] — 1, i — 1, . . . , k. Then either M = 
or there is a simple module N nonisomorphic to any of Ni, . . . , such that 
Hom(M, N)^0. 

Proof. Suppose there is no such a module N. Prove by induction on n = 0, . . . , k that 
there exists a subset Sn d {1, . . . , k} oi cardinality n such that 0jg5^ is isomorphic to 
a submodule of M. The set Sq — ^ corresponds to the case n — 0. Now let < n < k and 

L : Ni —>■ M he an embedding of modules. Since l^^l < k, we have Im<. 7^ M and 

there is a maximal submodule Mq of M containing Imt. By our assumption, M/Mq = Nj 
for some j E {I, . . . , k} \ Sn- Since head M = soc M, we can put Sn+i = S'„ U {j}. 

We have S'fc = {1, . . . , A;}. By our assumption from the beginning of the proof, we get 
M^^l^N,. □ 

Lemma 9.3. Let X be a partition of height less than p and B be a X-addable node such 
that X^ is p-singular. Then X — and B — (p, 1). 

Proof. Since h{X^) ^ p and A-^ is p-singular, we have A-^ = [k^]. Hence k = {X^)p = 1 
andS = (p, 1). □ 
9.2 Inducing completely splittable modules. In what follows, the image of an i?-module 
M in the Grothendieck group of R is denoted by [M] . 

Theorem 9.4. Let X be a completely splittable partition of n and a G Zp. Suppose there 
are more than one X-conormal nodes of residue a. Then there are exactly two such nodes. 
Denote them by A and B, where A is above B. Then {in the Grothendieck group of KT^n+i) 

[ 2[D^^] + [D^''] z//ii,i(A)7^p-l orp>2,A=(p-l); 

2[L'^"] + [L>^"] + [L*^"^] z//ii,i(A)=p-l an(/A^(F-i),(p-l); 

2p(2,i-^)] + [^(3,1'"^)] ifp>2andX= (P-^); 
^ 2[D(2)] tfp = 2 andX = (1). 



[Ind" D 



Proof. There are exactly two such nodes, since all proper beads of any abacus of A belong 
to different runners. We put u = X^. Clearly, u is completely splittable, A is a z/-good 
node and h{X) — h{u). Suppose the assertion of the current theorem does not hold. 
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First consider the case where hi^i{X) ^ p — 1 or p > 2, X = (p—l). Then A"^ is p-regular 
by Lemma 9.3 and [Ind" -D^ : ] = 1. Applying Lemma 9.2 to the following parameters 

M := radind" see Ind" D^, A; := 1, A^i := D^'' , 

and taking into account [Ind" : D^"^] = 2, we get that there is a module D"' isomorphic 
neither to D^" nor D^^ such that Homs„^^(radInd" D^, D^^) 0. 

By Lemma 3.10, we have < [Ind" : D^] ^ 2[S^^ : D^] and thus i/ = < 7. Hence 
A ^ (p- 1) (and therefore /ii,i(A) h{v) > 1 and p > 2. Since head Ind" ^ D^, 

we have Ext^^^^^(-D'^, -D^) 7^ 0. Theorem 4.6 implies 7 = i/. We have /i(A) = h{v) > 1 
and p ^ ^ /ii,i(A) + 1 by Lemma 4.5. Taking into account hi^i{\) ^ p — 1, we get 

^1,1 ('^) ^ P and thus A is a big partition. Therefore u = A*^, where C is a z/-good node of 
residue a. Since Ext^^^^(>S''^, -D'^) = by Proposition 2.1, we have by Lemma 3.7 that 

KdimHoms„^^(radInd" D^, D^)=dimHoms„^^(radInd" D^^, D^)^s(u, i>c)^s(X^, A). 

Hence A^ = A^. This is possible only if r{A) = 1 and x(A) = p. This contradicts the fact 
that A is a. A-conormal node. 

Now consider the case where /ii,i(A) = p — 1 and A 7^ (l'^"^), {p — 1)- We have p > 2, 
n ^ 2 and A = (1, Ai). We put A* = (Ai, 1). We have (A*)^* = (A^)*. Since A is a p-co^, 
by [Mu, Lemma 5.2], we get m(A) = A*. By [S2, Lemma 11], we get m((A^)*) = A^. 
By [BK2, Theorem E(iv)] and Proposition 7.3, we get 

pm(A*)|S„+i . ^m((A^)*)] ^ [2)A|S„+i . ^ [I^^ja ^A . jj^^^ 

In the case under consideration A^ is p-regular and [Ind" : D^'^] = 1. Applying 
Lemma 9.2 to the following parameters 

M :=radInd"DVsocInd"D^, A; := 2, Ni -.^ D^" , A^2 := 

and taking into account [Ind"/^"^ : D^^\ = 2, we get that there is a module D"' isomorphic 
to none of D^'', D^"" , D^^, such that Hom^^^^ (rad Ind" D^, D^) ^ 0. Since head Ind" ^ 
D , we have Ext^ {D^ , D^) 7^ 0. Similarly to the previous case Lemma 3.10 implies 

A^ < 7. Hence by Theorem 4.6, we get a contradiction 7 = A"^. 

If p > 2 then multiplying [Ind^D^^'-^^] = 2[D^p^] + [D^p-^'^)] by sgn^, and applying 
Proposition 7.3, we get [Ind^ L'^^''"')] ^ 2[D^^^''""^] + [L>(3,i-^)]. 

Finally the formula [Ind^ D^'^^] = 2[D^^^] for p = 2 can be checked by dimension com- 
parison. □ 

Theorem 9.5. Let X be a completely splittable partition of n different from (1^~^) and 
a e Zp. Denote by B the bottom X-addable node (i.e. from the first column). Suppose 
there are more than one X^ -normal nodes of residue a. Then except B there is only one 
such node A. We have Res^ D^" ^ Ind" D^^. 

Proof. Let . . . , 5^ be all A-conormal nodes different from B. Since there are more 
than one A'^-normal nodes of residue a, the residues res 5, res . . . , res B^ are mutually 
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distinct. Hence D^ts„+i - ^®---®D^ \ Now it is clear that the only nonsimple 

indecomposable summand of -D'^tj^^^^lj^^ is Res^ D'^^ . 

Let ^1, . . . , ^4/ be all the A- normal nodes. The residues res Ai, . . . , res Ai are mutually 
distinct and -D^is„_i ~ -D^-^i © • • -^D^^i . The only nonsimple indecomposable summand 
ofD^s ,Ts islnd"£>^^. 

By the subgroup theorem [CR, (44.2)] applied to G := i? = S" := E„ and 

L := D^, we have I^^Ts„+iiE„ - -0^is„_its„ ® D^- By the KruU-Schmidt theorem, we 
have Res,, D^^ = Ind" D^^. D 

9.3 Inducing some almost completely splittable modules. 

Theorem 9.6. Let X be a big partition of n having height H ^ and a e Zp such that 
^2,i(A) 7^ p — 1 and the condition \i = —h{X) = a does not hold. Suppose there are more 
than one X-conormal nodes of residue a. Then there are exactly two such nodes. Denote 
them by A and B, where A is above B. We have \b\d°' D^] = 2[D^^] + [D^'^] [in the 
Grothendieck group of KT,n+i). 

Proof. Arguing as in the proof of Theorem 9.4, we obtain that there exactly two such 
nodes. Let A be an abacus of A and c be its minimal space. Denote by a and b the spaces 
of A corresponding to A and B respectively. The case h{X) < h{X) is impossible, as we 
would have c = — p, which contradicts the existence of more than one initial space of A 
in the same runner. Therefore h{X) = h{X) and c = b. Hence A is not completely splittable 
and in particular A 7^ (1^^^)- By Lemma 9.3, A"^ is p-regulax. 

Since res A = resS and the condition Ai = —h{X) = a is violated, there exists i — 2, 
. . . , H such that the runner containing h^{i) + 1 contains the space c and no proper bead 
of A. Hence A^ = A^, where D is a A-cogood node such that h{X^) — H. Therefore A^ is 
big. 

Suppose that the assertion of the current theorem does not hold. We put u = X"^ and 
denote by d the space of A corresponding to D. Applying Lemma 9.2 to the parameters 

M := radInd"D^/socInd"D^, k := 1, A^i := d'^" 

and taking into account [Ind" : D"^^] = 2, we get that there is a module D"' isomorphic 
neither to nor such that Hom^^^^ (rad Ind" D^, D^) ^ 0. By Lemma 3.10, we get 
< [Ind°D^ : D^] ^ 2[S~^^ : D^] and thus i/ = A^ < 7. Since headlnd^^D^ ^ D"", we 
have Exts„^,(-D'',-D^) 7^ 0. Theorem 8.2 and Lemma 8.3 imply 7 = '^^(A^) for e equal 
to one of the following sequences: (0, -1, 0^-^ 1); (-1, 0^-^ 1, 0); (-1,-1,0^-^,1,1); 
{-Q -l,q^-^-'',{q+lY), where Q ^ 1, q = quo{Q + 1, H - 1) and r = rem(g + 1, i/ - 1). 

If we suppose that h{'-f) < H, then, taking into account the exact form of possible 
values of e mentioned above, we get c = b^'' — p or c = b'^''(2) — p. However the former 
condition does not hold as i > 1 and the latter does not hold as /i2,i(A) 7^ p — 1. Hence 
h{'y) — H, there exists a unique 7-normal node E of residue a and Tle{X) — 7^. 

Since Exts^^^(5'^, D'^) = by Proposition 2.1, we have by Lemma 3.7 that 

K dimHoms„^^(radInd" d'^, D^)=dimHoms„^^(radInd" D""^, D^)^£(A^, 7^). 

Hence A^ = (Ie)^, where resF = a. Clearly, either F — E or /i((7e)^) > H- The former 
case is impossible as A^ < 7 and the latter is impossible as /i(A^) — H. □ 
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Remark. The reader can by oneself formulate and prove the analog of Theorem 9.5 
for almost completely splittable partitions. 

9.4 Conjectures. The following conjectures are based on Theorem 8.2 and calculations 
within the known decomposition matrices. 

Conjecture 9.7. Let X be a big partition of n having height H and a E 'Lp such that 
Ai = —h{X) = a does not hold. Suppose there are more than one X-conormal nodes of 
residue a. Then there are exactly two such nodes. Denote them by A and B, where A is 
above B. We have 

[Ind" d'^] = 

'2[L>A-] + [^A-] z//i2,i(A)^p-l; 

2[D'^^] + [D'^^] + [D«{-2,2)(A-")] if /i2,i(A)=p - 1 and H=2; 

2[d'^^] + [d'^''] + [D^(o,-i,i)(A^)] ^ [^W(i,_i.o)(A^)] i//i2,i(A)=p - 1 and H^S; 

2[d'^^] + [D^''] + [D^(o,-i.o«-3.i)(A^)] + p>^(o.-i,o«-4,i.o)(^^)] ifh2,i{\)=p - 1 and H>3. 

Example. Let p = 7 and A = (5,4,2,2). Then A = (6,4,2,1) and [Ind^ D(6A2,i)] ^ 

2[2}(6,5,2,i)] ^ [2^(6,4,2,1,1)] ^ [2^(6,6,2)] ^ [^(7,7)]^ ^avc Ai = 5 ^ -4 = -h{X) (mod 7), 

/i2,i(A) = 6,A = (2,5), B = (5,1), A^ = (6,5,2,1), A^ = (6,4,2,1,1), ?i(o,-i,o,i)(A^) = 
(6,6,2), 7i(o,_i,i,o)(A^) = (7,7). 

Conjecture 9.8. Let X be a completely splittable partition of height H such that x(A) = p 
and let a e Zp. Denote by A the top X-addable node (i.e. from the first row). Suppose 
there are m,ore than one X^-normal nodes of residue a. Then except A the only such node 
is the bottom X-removable node B. We have 



[Res„ 



2[D~^] + [D^] + [dVi,o«-3,i.o)W] + ifH>2; 
2[D~^] + [D^] + ifH^2, 



where x = [/i2,i(A) ^ p]. 

Example. Let p = 5 and A = (5, 5, 3). Then A = (1, 6), A^ = (6, 5, 3) and [Reso D^^'^'^^] = 
2[D(6,5,2)] ^ [^(5,5,3)] ^ [2^(9,2,2)] ^ [2?(6,6,i)]_ ^avc A = (6,5,2), 7i(-i,i,o)(A) = (9,2,2), 

"^(0,-1,1) (A) = (6,6, 1) and /i2,i(A) = 6. 

Conjecture 9.9. If X is a completely splittable partition of height 3 such that hi^i{X) ~ 
2p - 1, then [Ind-^D^] = 2[D'^^] + [D'^''] + [D«(o.i,-i)(a^)]^ ^^^^^^ ^ ^ ^ 
S = (4,l). 

Example. Let p = 5 and A = (7, 6, 6). Then A = (9, 6, 4) and [Ind^ ^(s.M)] = 2[D(9, 6, 5)] + 
[D(9,6,4,l)] + [D(10,10)]. We have /ii,i(A) = 9, A^ = (9,6,5), A^ = (9,6,4,1) and 
7Y(o,i,-i)(A^) = (10, 10). Moreover with the help of the known decomposition matrices and 
the subgroup theorem [CR, (44.2)], it is easy to verify Conjecture 9.9 for p — 5. 
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